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1.1 Introduction

1.1.1 Review of Thermodynamics
1.1.1.1 Central Theme of Thermodynamics: Work & Heat

1.1.1.1.1 The Four Laws Oth: If two systems are in thermal equilibrium with a third system, they are in thermal equilibrium with
each other.

Ist: The change in internal energy of a closed system is equal to the heat added to the system minus the work done by the system.

2nd: The total entropy of an isolated system can never decrease over time. In any reversible process, the total entropy of the system
and its surroundings remains constant.

3rd: As the temperature approaches absolute zero, the entropy of a perfect crystal approaches a constant minimum.

increase of internal energy  input heat output work

dU = 0Q — oW
* reversible process: dU = T'dS — PdV
* mechanical system: 6WW = fdx = —dV (z);
e adiabatic process(#£ it 42): SW = PAV = —dU. U: thermodynamic/adiabatic potential.

* isothemal process(% % 3i{#2). F: isothermal potential.

F=U-TS, dF=-SdT —PdV, 6W| = PdV = —dF

T
1.1.1.1.2 Maximum Work

¢ isothermal process, A — B:

Istlaw: AW = —AU 4+ AQ
2nd law: AQ < T(Sp — Sa)
AW < U —Up+T(Sgp—Sa)=—-AF, AF=Fg—Fa4

e A— B,Uy = Up: AWy = T(Sp — S4). Example: Rubber band(t4 J /), shrinking: S 1.

1.1.1.1.3 Extensivity(J 1E) U1 E = E| + E, ) RG24 v B R JHFEAH EAE F. Assume extensive quantity X,
o OUNS,AX) - OUAS,AX) .

X) = X X = X
UAS,\X) = \U(S, X) 2 5085t 0% U(S, X)
ou . 0U . oUu

Introduce physics: U =TS — PV + uN = dU =TdS + SdT — PdV — VdP + pudN + Ndu
Since dU = TdS — PdV + pudN

So new physics: dy = —sdT +vdP, s= %v v= %’ 5= (%)P’ v (%)T



I AR SRR AL 0 TR S
— RS, s RAT: Wk o R KUK — g, &0 35 = R *’“‘é‘r( )3% FE4i % (1 (%) Ak

1.1.1.2 Jacobian & Thermodynamics Relations

1.1.1.2.1 Definition of Jacobian (z,y) plane, functions: &(x,y), n(zx,y). relative functions: x(§,n), y(&,n).

ox Ox oy
dz 8—£d§ + — o dn, dy= agdf + fdn
or Ox
. 8(»’379) . . 8(»”%9) - 875 877 - Jiw Jig
de ANdy = ) dé Adn, Jacobian matrix: ) 3y 0y T |y T
o0& On
AR J = 1, M= (AR FIAAE . State function <« total differential (&1 5) < J = 1:
oUu oU oU oU
d Td PdV = —dz + —dy — -P==—
U=Td5=PdV =5 drt 5, (as)v’ (av)s
0*U 02U .
39S — 550V derivative exchange symmetry
oT oP o(T,S) .
il — (= =1, M 1I’s rel
<8V)S <6S) = APV , axwell’s relation(s)
a(T,S)

dT AdS = dP AdV, J = TREARIEIUG B

a(P,V)

1.1.1.2.2 Property of Jacobian Matrix
| OT.S) _(T,S) dpv)
CO(PV)  O(u,v) O(PV)
Ly AT AWVS) oTN  ( @s\ _ . (or\ _ (P

[Bxample] let (u,v) = (V. 5). 5-g ap vy = 7 \av ), \Tar), =17 \av ), = a5 ),

0
As <PY> , variables v, u, v as P,V, T, S. %Ai = 12. Write down these elements as a big matrix:

= 1, to produce numerous Maxwell’s relations;

o
(), ), ()
oP ) ar )y P ) p ,  Only 3 elements are independent.
: : : s
, Oy _ ((9?6) 5 ) O(.y)
Co&y)  \OE) )T A(E ) A(&:n)

1.1.1.3 Exterior derivative(9Mi47)
df(z)

dz
0 0
1-form: g(x,y)dx — d[g(z,y)dz] = (d + —fd ) ANdx = —fdy Adz, drAdy=—dyAdsr=d®=0;

0 oy oy
2-form: f(z,y)dz Ady
dU =TdS — PdV = d(dU) = d(TdS) —d(PdV) = 0=dT AdS —dP AdV = dT AdS =dP AdV

05 as oP opP 05 oP
42 = 0= dT A [(av) dv + VdT} - [WJr <6T> dT] AdV = (av) <8T)v

p-form 4 p + 1-form. O-form: f(x) — df(z) = dx;



1.1.2 Some Key Concepts in Thermodynamics
1.1.2.1 Temperature

ou
1.1.2.1.1 Thermodynamic Perspective dU =TdS — PdV,T = (65) , thermodynamic definition of temperature.
%

Istlaw: E = E; + E5 = const.

O(ligl =0, condition of thermal equilibrium
2nd law: i—f >0= ;51 d£1 >0= (jgll - SZZ> d(il >0= (111 T2> d£1 >0
if Ty > Ty, 7{1—1{2>0;»d£1>0

*Gibbs’ geometric viewpoint of thermodynamics U (.S, V).

1.1.2.1.2 Kinetic Viewpoint Microscopic structure of the system needed. Ideal gas, Maxwell distribution(3D):

2
mv?/2 P
kT

P(¥)d*7 = Aexp [—

1 1
S} = g ((02)+ (02 + 02) = ShaTy (2) = [2P@ET
[Example] Rod particles in thermal equilibrium. Z5 8 (K400 2 #, W fmzhE J T i3/ F 2 B N E HEES
R4 %kBT fofie it
1 1 1. 1
5 ng = ikBT, ilxwg = ikBT
L<L=I,=w>w=wl
Jz Iz z x T
e L Y o < Ty = T R oy P
Jr  Lyw,  w,

1.1.2.2 Entropy

4]
1.1.2.2.1 Thermodynamic Perspective For a reversible cyclic process, 75 ?Q = 0. 6Q): heat absorbed by the system.
. 0 ) 0
Y reversible process, / 09 + 09 =0= / 09 is independent of the path.
Tass T 'e~a T Tass T

State variable .S = % reflects intrinsic property of the system. #44b AR #), WA T A 74F (change of state).
2nd law: §1§5Q <0, V process

)
/ o Q / " — < 0, (D for Irreversible, (R) for reversible

= S(B)—S(A) > /(I) 5762 = isolated system: S(B) — S(A4) >0

1.1.2.2.2 Boltzmann’s Entropy Statistical interpretation of thermodynamics. S = kln W,

1. closed/isolated system. W: number of microstates. states: (g, p); (0, 1); |n), disdinguishable(Z&/t, ANFI X 41).

2. RGOS Wy, Wo. i) 1EME S = Sy 4+ Sy = kIn W, + kIn W, = kln (Wi Wa). In: b x A+

3. W = e%% ~ OW) W thermodynamic probability.

[Example] Closed system consisted of N non-interacting oscillators. % #&¥ k 4T |k) IRZE&. EHEE N E. distribution of
energy? ny, AT k) ISR TEH B s K.




Zeknk = F = const., an =N
k k

N! In M!=M In M—M

reaches max = InW =- zk: ng 1n %, (lnf)

El{nk} st. W =
k

k k

e—Bek

e*ﬂfk ’
%

Boltzmann factor

Stirling’s formula: In N!= NIn N — N

NI'=T(N+1) = / e "axNdr = / e 3@ dy
0 0

S(x) ~ S(wo) + %a ;ﬂ; ()

= N!~ N¥eN(2rN)?

08,
ox

=0

Zo

(z—20)* 4+,

1.1.2.2.3 Gibbs’ Entropy Open system: © = —Fz Zpi InPi oA ab T |i) %A P
1. 153 S SR { P} NERME 7340, [Example] PR R4t

o g B wmZ, —ksTWZ = (E)-TS
2. 1_26*,3Ei_ 7 ) - T pnz, B n — )

%

1.1.3 Learn Thermodynamics by Examples/Applications
1.1.3.1 Ideal Gas
1.1.3.1.1 Entropy

dU =TdS — PdV & TdS = dU + PdV

If V =const.: dU=TdS = 95U, V) =T(U,V)
ou |,
v . 3
S(U, V)= S(Uy,V) = /U WdU, ideal gas: U = SkpTN

= SWV) = SWU V) = SNkt [ L)
2 Uy

T
similarly, S(T,V)— S(Ty,V) = gNkB In <T>
0

[Discussion] 1. Extensivity: S oc N; Dimension(&4); 2. Physics: log-dependence on U and T @ high T'(low response)

1.1.3.2 Electromagnetic Radiation @ Thermodynamic Viewpoint

Stafan-Boltzmann Law: U = bVT*, b= 7.65 x 10~ 6J/m*K*

1 dS(T,V) _9P(T,V)
_ B dv ou(r,v) _ _0S(T.V) ov. . aT . OPTV) _ by
dU = TdS — PV & == = 70 P — bt = T — P = P= T

1 4 1 1
U=TS— PV (for extensive system) = P = 5%, S = gbiU%VZ ~ T3
XPEFIE, % v 0. B MREE 5 Ry THRBEOR 61
[Example] 58 £ /&1 NAK & (9411 1. Bending rigidity: B ~ h?; 2. Power in fusion: ~ B*;



1.1.3.3 Rubber Band
AU E: 1. thermodynamic laws(general); 2. equation of state, molecular/microscopic model
11331 EMSH  FUERIERH, BI3 AQ = 0. S KJFHRIA, BIHAIRE Seont #8020, TAScons 13 KHETD T A S AE

PR3, RN Syp ETHERF LG 0. BILIREE T 1. AR, — NN E RIS B Pl i s T |
BOERR B E 1 —EY) G. WA — (RO BN Ak 2 Jm, HA UGN, iy Do 241 H e i/ 2h, & HIR AR

1.1.33.2 EFESH L: KB 7 tension(5K 7); T: R JE, U: Wi
Lo < L < Ly, UXt LIk 7 b T FHmmisg K.

U=cLT, U~T

L—-L %S 9%S
T =0T I LOO’ self-consistent condition: BTirIG = WV oU
1 T dU L—1Lg i U (L — Ly)? ..
dS = =dU — =dL =cly— —b dL=5=S5 Ll——bi t lasticit
= T T c 0T I L o+tc OnUo 2Ly = Lo)’ entropy elasticity

1.2 Ensemble Theory

1.2.1 Space
38 gas model H771%: FIH BT AT SUAKL T (¢, p).

1.2.1.1 pu-space by Ehrenfest
(2,9, 2,0z, 0y,v,) 6-dim space. H A —A SR )2 — MR FRFRE. LT N ~ Ny A ST
Z 0 —x)0(y — 1:)0(2 — 2:)0(Vy — Vi )0 (vy — vy )0 (Vs — V)
Distribution function:  f(%, v, t)d*#d*v
BB R 3ER, H = /flnf A A TR, FEIR B N AN 2 35§ Maxwell 73
[Discussion] Jii5t: & 3—H %t N ¢ — —v, MIEASAE 0[5 FH2
1.2.1.2 T'-space

{q17q27q3>plvp27p37q47Q57q67p47p57p67'"}’ 6.N-dim. [EIEPE/J /\IEETHP E/JIE%E—VTZIK%ET?U—FE/J’Ik;& %é}fﬁ’]/ﬁ{{.ﬂﬂ
Rz s).
1E p-ZS I HHEIE course-graining 73 F I — A |k) & T, ﬁ% ne HLF. lZT%%E'JM—‘*RjJ 6-dim phase volume

wi = AG APy, MR, 72 T 23 8] o X ny ASKLT I o5 95 1 28 [RAA AR H AG AP, = H wr = wy . B ETARL T P 5
a=1

nk

ey L[

! ° ng

ZE R {ne} R TRPIRZS k) FORLT A SZ AN 2 7 AR 0T BRI S 3, PRI B IE: W= ITne! Y AR AR A SR E
k

L, 54 T an =N, stk = E gy F {875 M HBUR S ER N ni = Awpe—P.



1.2.1.3 Geomatry of High-Dimensional Space

1.2.1.3.1 An Illustrative Example: Sphere in n-dim Space 3-dim space: S?, B*; n-dim space: S" ™', B".

1E n-dim B R H TN @ = (21,20, 2). TIOREN (0] = | D a2
=1
T2

—
r(5+1)

nevn 72 n 1 ome n . n n
C, = (n)!iT/(BR)ﬁ\/ﬁ o R", unltsphere:V(BR)zl@R:\/;

VEIE LR Y R, R(1 +¢). RFJZ(ShelDIIN Vi = V(R)[(1 + )" — 17]. Bl e MR, EBEF n 1 1
VIR(L + &) 2RI Tk, B e i v A e 75 "2,

[Example] b, BRI PUAE AR B0, %5 46 FE T o, VST o B 0 2 T o, il T MR G425

[Example] % BE35157, n-dim, @A R (T8 4EER By, HEURAM 2, B —MlEREE « 58I By 5RUA Byt

.T2 R R N N
R =Ry/1- o FAAE /_Rp(a:)d:c = /_R V (B ) dz =V (BpR), K p(x) £iki

n—1 7\ =1 2\ T 2
14 (BR’ ) _ E —(1- - ~ ¢~ (n=1)z?/2R*. For a unit ball, R — \/% = p(r) e /QV(B?A)
vV (BE ) R R? e

z

B V(BR) =C,R", C,= , D(z+1)= / e tdt " 2 & 27rz<f)z
0 &

1.2.1.3.2 The Geometric Deviation Principle Minkowski SR 1. 5% A+ B XN T @+ b. A, B A5 BAG—E IR,
Brunn-Minkowski inequality: [1/(4 + B)]l/” > [V(A)]l/n + [V(B)}l/n_ A M B AT, Bl A = aB + o I HUEE.
Isoperimetric principle: Z¥HIFR, 3K K/ SRR, SRE A &/,
W n-dim LEFSE C fl n-dim BKSE B, WEEBFME V(C)=V(B)=V(B}). % e — 0, C + eB R1E C &
WSO, T4 C 1) (n — 1)-dim 2T (Area) T 0 5B BLRIE € @8 Avea — timg YO B =VIO) pog

X V(O +eB) " 2 V(O + V(eB)/" = V(B)/" + (€"V(B))"/" = Area > lim w
WA, T SRR, SRR B/ NN R 4R9IE.

[Example] HX P 2335 BB 2K, BRI (a] i A2 /K EEEAHE. JLAT: curvature; )3 surface tension. Laplace preessure: p o< o H.
[Example] &% 2k (Catenary Curve).

FUASR Y > g 4 VOVD)] < V [

€
V(B) ~n-V(B), C NEKI}

C+D

] < (1 - 8) V(B). e HRHFIE.
WA B A B, T C 4R B RN % AN % L D. B V(C) = %V(B). Mo M =

HRRARM. RN V(B) =114 V(D) <21 — %62)2" x V(B) = 2¢ """V (B).

[Example] % [& n-dim BREGERID S™—1, EERI_EA — 0 A s f HEEBRIAL PR 21810, R3] f B Acs M, 73 578
Si(f < M) Sy(f > M). A Sy 1A Sy TR —JZ, 53] f = M +e 74, RIFEH, Sy 18] S TG, 158 f = M —¢
FL. RN V(S)) < V(S™ 1) H V(Sy) < V(S™ 1), P BIERTE b R0 Ul #F 4 h 78 8 M HHE.

C+D

5 JITRE 4w 1Y

1.2.1.3.3 Probability Perspective @ Levy, 1980 Uniform distribution of dots — volume interpretted as the probability.
N
\ 1 1
[Example] Probability theory of large deviation. Toss coin(##ifi ii): X; = 0, 1; ¥MH My = N E X;. X xe (2, 1),
i=1

1 1 2
P(My >z) < e ™M@ Hii[(z)=azhr+(1-2)ln(l-2)+Ih2. %z = g te W P(My > §+e) < e e,

M, “macrostate”. microstates: C’]I\\,/MN = C]’i,.

N! NI
k_i e - @000 | ~ _ _ _ - _ _
CN_k!(N—k)!:}IHCk ln[k!(N—k)!}_ Nhnzlnz — N1 —z)In(1 — ) N[I(xz) —In2]
S =kplnCy,
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[Example] [~1, 1] @ [~1, 1] %P BEHUIE. 8 o +y = 0 4814, % LRIAA T S o = 0 HIBZL, 75 lm o +y =

TR T i 2 P IR

1.2.2 From Dynamics to Probability Description

Measurement: time-avarage. Phase space with macroscopic constraint: ensemble-avarage. Poincare recurrence theorem(Jg il 3§

=] ) 5 B
Zfﬂ—i

T

Course-grained description of phase space: f; = fo, Vi€ a.

<f>t:%2fatou ta:ZTa

1€

tOt . . . [0
= Z fa X <T> = Z faDa, prob description: p, = T

TR 222 (f)e

~

Formal presentation: in equilibrium,

ensemble avarage

(e =)t = {(Hee
<:11£I;o<f>t> = lim (f);: ergodic(ZF&NE), HIATK

T—o0

(fle = lim (f),

T—o0
ANFME B R B microstate: 1. In T-space(6 N-dim), (¢,p); 2. |n); 3. 0 = £1;4. 0 = {0,1}...

Representative point <+ one gas. Density function(continuum description) Z 0(z — ;) = p(x),
2_ fabe / f(a,p)p(q, p, t)d* qd*"p

= e
> o / p(q, p, t)d*N qd®Vp

equilibrium condition: (f) time-invariant — 9p =0

t
[Discussion] # p(q,p,t) = q(q,p) f(t), (f) TEES: EARPHH. IXMHE LT 75 25 &2

()

/g(q,p)f(t)d3qu3Np = N = f(t) = const. = % =0.

1.2.2.1 Dynamics

1.2.2.1.1 A Single Representative Point in I'-Space
OH oH ., . £ s
’ FFAE: 1. B AT RE B AHAZ; 2. 8] e 2.

Hamiltonian /J%%: ¢; = ap pi=—5

qi'

1.2.2.1.2 Multiple Representative Points 7t I'-Z%[8] FUE R — MARR w, ¥ oF / p(q,p, t)dw MRE . HERMA dw. RE
SAE T R BN 6 = {d, o). WATEFERF i

3l [ pmnan == [ - mae ¥ = (50 50)
— ,p,t)dw = — v-ndo=— | V- (p)dw, V =[—,—
P wp(qp ) P i (p?) aq’ 9p

0
= 07? + V- (pv) =0, Continuity Equation

11



Material deriavtive. % g(7, t), flow field: ¥(Z,t).

S e L _0g dg . _0g dg _ dg Oy
O, t + ot) — t) = 0¥ == + 0t— — =075 + 6t— =it -
9T+ 67,6+ 0t) — g(7,1) = 9T, 1) + 6755 + 550 — g(7,8) = 6775+ 5t = bt (- L+
Dg _ g(@+ 6%t +dt) — g(Z,t) _ . @_1_@
Dt — 5t - 0F ot
D
Liouville’s theorem: % g;) +7-Vp= f + 22: ((ji api + Di g}i)
dp OH 0p OH 0Op dp
— — =|— H} =0
ot " ZZ: <8Pi dpi 0q; Op; ot i {p, }
[Discussion]How to understand % = (0? 1. canonical transform; 2. incompressibility (V - v = 0)
Be—o
0 0
P N(pt)=0=>2L L 5 Np4pV - G=0=V-T=0
ot ot
0 0 0 0H 0 0H
h k: - = —_ "L' _ "L' = — —
checks V-0 z <8qz—q " 3p-p) Z (3% Opi  Op; 8%)
H-dynamics <> incompressibility of re gresentatlve points.
Hip NHEE p(H), W{p, H} = 0 = == = 0, BIIAH equilibrium; FIFATEE: 1. p = const.; 2. @Gibbs: canonical = Inp oc H

1.2.3 Microcanonical Ensemble

SRR macrostate: (E, N, V), to construct an ensemble of microstates. surface of (6N — 1)-dim.
[Discussion] AJ fgiazh & P +£ 0, M Ma&E L + 0. Uﬁﬂiﬁ@]%

Ist particle
o+ P%y +p2 4pi D LS o E, P = Zplz — 0, due to high dimension.

i=1

Ny Ny

Example] 2-state system. |1) : Ny, |2) : No. P = , Py = = = 1P + foPs.
[ ple] y 1) : N1, [2) : Ny TN TN, Nl—A"NQ A<f> P+ 2P

. , _ const. H(q,p) € lim |EF— — E+ —
Equilibrium density function? p(q,p) = A=0 2 2

0, others
Foudation of equilibrium: #*Eﬁzﬂgxﬁ HA ergodicity(% & 14).
Closed system: S = kgln2, Q= —, w : allowed region of motion, wy : some constant
Wo
5qop ~ h = (0qop) ~ h*N = wy = KN
1 . )
= ooy / Bad®g - - ABgnd®pid®ps - - P, N!to make S is extensive

= indisdinguishability of microscopic particles

1.2.3.1 Equation of State for Ideal Gas

Derive the equation of state by microcanonical ensemble method.
N

MR A RERIE G ) (T = 2mE. SFREII (BN — 1) 4ERkTH, HIRTEEAR20 VE. FEAM 2 B2
i=1

( ; s 1 DS 3
Q~ (VE?N 1~ E3N2 5i 57800 S = kplnQ = ngNlnE + const.; Ist law: — = < ) = B = NkgT.

T \9E),
N 1 1 ik 1T A > N (\/E)?)Nil V~L? 3/2 N
P
3 oS Nkg 3 dFE dV dE PdV
S=kglnQ = Nkp <lnE—|—an—i—const.> = <8V) =7 =dS = kaB + Nkp— v v +7T ,
glfV Pav N

MEL LT 2 — “kpT.
WL AT R Nkp— = = P=pksT

12



1.2.3.2 Dilute Hard Sphere System
B/ NERT] AR % B ARBUT AR ELI D . WNEREAR N a, BN w, = 3 (2a)3 P 2 22 D O BROL A BRI LA 2a.

ﬁm*ﬁﬁQ—NmN/@ A3, - PG AP - - - Ay, HrP

N-1 N-1 N—

/dg(j’l By = VIV —wo)(V —2we) -+ [V — (N = Dw,] = H( — W, 2 1n H — iWe) Z V —iwe).
=0 =0 =
FEFIRIR In (2 + 62) © Ina + ~ou )ﬂJJNilln(V—iw _3¥ <an— Zwe) _ Ny - S DN )
x , 1=0 e 1=0 4 4

weN weN \ weN N
~ 1 2 ~ - = Ng =
N<n 2V> Nln(V 5 >:>/d q= <V 5 >
. SR o 4 = N . . . sy p s NN
[Exercise] & N MEIK, 1% a, 45E w, = 3 m(2a)%, K REEREN B, BB VRN T. ZX1HE SE,V), IRETTTE.

n
o2

r(3)

1.2.3.3 Einstein’s Model for Heat Capacity of Solid(1907)

[Hint: Area(S" 1) = R

Excitations — Solid property? Quantum?
N . . o . s U -
N atoms, 2% F 3N independent oscillators. Total energy: U, distributed to 3N oscillators. 25N o AN R B A N H

3N AERIFING I (3N — 1) HI4ER . ’
U

[(3N - 1)+ <ﬁw)]'
g , AR 1 mol JEFHIEN s(u) = kplnW ~ 3R [ln (1 + u) + 1ln (1 + uo)]’
(3N — 1)! <EZ)| do/ o “
0

Hrps= 2w U = 3Nahw FRAREM RS P = O 4 us. iR o= 705

MMEE W =

N/N,’ N/NA 1 v T
y 1 oS(U) 3 . _ hwy R
= 5= — e _ ()= =) 47
VRS T { il ] hwo 5 1n <1 + uhwo), AWNEIEE] 3N, (T) eﬁwo/kBT _1 , 1IE4& Boson 1T7M.
Hh ) o\ 2 :
WK | Ou 0 kT
¢= g — 3Naks <kBT> ¢

1.2.4 Canonical Ensemble
Macrostate: (N, V,T). fig & L VFk7%. X 44: Entropy representation.
Equilibrium density function? @Gibbs: % = —v - Vp. If equilibrium % =0, then ¥- Vp =0.

op op\ OH 0p OH dp
§:<aq+1@)_oé%:Qma% %ﬁm)_oﬁpﬁﬂ B p(H), 7R E 3 2

i

Ple2 = p1 X pPa, H1+2:H1+H2élnpo<aHépo<eo‘H

1.2.4.1 Connection to Microcanonical Ensemble

1.2.4.1.1 Environment & System Perspective &I 5N A, T3 ') KRN A, T8 |r), A+ A BIARILRS. HA4
f E, + E. = E© = const.; # Q' ARBHNEE, WA RLTE |r) IR P, o« V(E.) = Y (EY - E,). BEkRFT#E

Aln QY —Er

=REE/N, W B, < BQ, WA Taylor B nQV(E® — E,) = InQ'(E©) + SF (B, — E™) +... = const. — BE,
E'=E©

o~ BEx

ZefﬁET .

[Discussion] Taylor J&FFi, 9 A7 EAR B ¥ =ik ? = jJTT%TT S T REME.

T /215 3| Boltzmann factor/Canonical distribution P, =

13



1.2.4.1.2 Multiple Systems Perspective il % N N IENRZE, BAARL K —MEIEN RLZE. W n, DPRELTIRE |r), BBEN
N!

He B /A
B WERESTR A D = N D meBe = NU = NUE. gyizsiny '~ TPt 8 () 0648 W KA.

e PE '
=¥ Ze—w.

[D51cuss1on] Whyislnp < aFE = p o< e“F simple: 1. No dynamics information; 2. Time-reversal symmetry. Detailed-balance(4]

SOTA); 3. FUEATINEE, 31N lnp = o + BE: 4. B (o) MR TR c o, g 1) _ Jlato

e fles) — flea+e)
€ — €1 —€2
fle) = gle —e2) = g(€)g(er — €2) = g(0)g(e1 — €2 — €) = g(e) = g(0)e” f(e;) = e Plae)
1.2.4.2 Revisit Maxwell Distribution
1.2.4.2.1 Galton’s Statistical Model
1.2.4.2.2 Based on Symmetry & [m[FEVE: f(T) = f(v) = fo(ve)fo(vy) fo(v.)
N!
s oY, st W =

1.2.4.2.3 Boltzmann FfE& EHL. {neh, s Hna!
1.2.4.2.4 Based on Ensemble Theory ft & 7 5l & Fl47 & 4 E(g,p) :?(C;C) 4 pg}?n(;;l

Yl in Lt p(q,p) x e BE(@p) - plq,p) = AG—B[K(p)+U(q)] — Ae BEWD) . o—BU9),

e—a’;lT{e-/’;ﬂ—mye—ﬁ ri
SHéebar /N, 2 2 2 2 2 2
AR o) _ oy [p(PL 4 2L N2 ek Y ST R §
2 2m 2m

New perspective on gas model: ¥ &Fi 7 FIM A — N RGe, A E LA N A2 #: p1 = Ae‘ﬁ%

1.2.4.2.5 Geometric Viewpoint 1t (P12, P1ys P12, P2ay P2y, - -+ ) 3N-dim AR, AT BN po, B, REGAET LI
BER A0 A2 = p(p1y) ~ e PPie (Energy partition theorem).

1
[Example] Z #IH R T H = ap? + B¢?; (ap?) = /apQABqudp = ikBT'

. _ 9 -
[Example] #fE) " H = Zap?a Ei=ap}, (E)= /Eie_ﬂE’dEi//e PP dE; = ——Tn </€ ﬁEld}%‘).

op
1 1 n —1
Lety = Bnp, = /B_ﬁE”’dpi =4 /e_ay dy = | (E;) = ngT i

1.2.4.3 Thermodynamics

[Discussion] LA 1st law: AU = T'dS — pdV, Wi U(V, S) ¥R V K T BIARKEE 7(V, T).
EXF=U-T8S, &M dF = —pdV — SAT = F(V,T). KILIEN R4: (N, V,T) HEH
Ffeldh, B X G = F+ PV N33 P A T B)8% G(P,T). G = uN.

ZET(JBET 5
PR (E) = —————=—-—In ZeﬁE’)
Ze*ﬁE’“ op (

' aF o [F
S = T =— | —
d et (aT)N,V a(l/T)( >NV

6 = e WETE F = —kpTInQu(V, T), U IERIBR AP B MR |r) R @ = Ze o

FRYE F-representation.

14



N

K (InP,) = <1ﬂ (i;ET)> =—InQn—-B(E,)=B8(F-U)= —]i =S5 =—kp ZPT In P, IF /& Gibbs entropy /.

ﬁ%ﬁiﬁﬂ%ﬁﬁhz}}m”&=/mEWW%E£¢%%M%mmmmvmwwwum%ﬁmﬁﬁﬁy

wmﬁﬁmw§@%ﬁm%aQN=Néw/?Bmwmww”p

[Discussion] @~ = > e IRIE e PE RS By = 0 SR MER B B A I (E)mostprob = U. FUNIEAFTERE g(E) i
TR, 49 U A FUIF B B R R, €U /s,

1.2.4.4 Fluctuations

CLRIPNfE U Al it of I RS 5y e OR B M P15 20: U = —;ﬁ (mZeﬁEv). HER U SR—K B 1 3, WA
E2 —BE,

o _ Z i E% + (E)? = ((AE)?) = kgT?C

o8 Ze—ﬁE,. ZeiﬁE = —(E7) +(E)" = (( sT*C,

mxmﬂgwE@MﬁjV‘”” _ VBTG |y

[Example] Classical harmonic oscillator (¢, = nhv). Single oscillator:

—Ben
Ent
Z n eﬁhu

_ n v 2\ _ o 1 + e 2\ _ 2 ((AE1)?) 18y
(En) = Se s w1 (Er) = (hv) (e 1) (AEY)7) = (hv) T B e3P T 5 0,
BT TR
{(AE)?) VAR

N oscillators: ((AE)?) = N((AE;)?), — N2

(E) (E1)

2

QWIZT} v*dw, where v? for 3D gas.

[Example] Reletive fluctuation of speed in Maxwell distribution. f(v) = Aexp {—

(g()) = /s /f)f(v) ”2 ¢_1

[Example] Ideal gas. H =

N
pz

2m

1 EREMNRLERE. @Eéj\l%liﬁjj

B 1 U Loy IR S D e § R QT V)Y
OV, T) = Y e PP = / Sy = | [ et B ampiap, / ag | =TI
r - N ~ ,
v .V h
LT G, SR T = L (rmkpT)? =~ Hrf Ay = —— R K. KT )
B R SR v T, RO 2 R A Qq ( mmkpT) YR o Ar T a5 s v ol L1 3 21 SR R o

BN a6~ <Z‘\/7> B A < a) BIATAN b 0, ToAk TR My, 2 Hamiltonian £ 430 p WK% H = H(p), M HRL

2
FRAEEUN Qu = VF(T). 4 H = 3 - WML, # f(T) = Ar’. Ak IRPERTH it

InQy =1In [(V‘f(]\?;))lv} —Nlnf(T)—Hn‘]/\:;—Nlnf(T)—Hn <§;\I/VVN> =NInf(T)+ Nln <e]:7/>

ﬁnzgwwgzn@T@{?>—4:P:(ﬁDMT:N?T%w@avﬁmlﬁmw%aﬁﬁﬁmwﬁﬁﬁ

15



EE@E%E%M?%%%E.

=kgV |—nln +5n ive by adding N!
T = kp f 5 , extensive by adding N!.

2. BESEE ﬁ*ﬁﬁﬁﬁa\ 5. QN_/ (E)e PPAE, g(E) ~ E% ' AMZENE P(E)AE = g(E)e °PdE

W% P(E) XieE F FEHCN 0 LLFHRE S Ey:

7 [0(E)e 7] = g (B)e g0y = (1) B e p e
[ ) xim0m s (30 = e

2 N—oc0

OE

[Example] Colored Ideal Gas. N red atoms, N blue atoms, N green atoms. Statistically independent. microstate: (g, p, color)

N
| SR Sy, AT B O (T, V) — (f) W= SRR A RO Q = QY
T

oF %
AHMBEN F = —kgTInQ = —3kpT In < 4 ) iR Sze = — (E)T> = 3Nkpln <6N> —3Nf(T)
N,V

REE—MEEITIEE S Sic = 3NkgIn (3]‘<7> —3Nf

P LA BN, i R T2 B B B PR R A AS = S50 — Sie = kp In 3%,
[Discussion] 1. How to understand In 33"V? statistically independent — analyze a single particle. iK% 3: 3 FhZI A IRES. 2.
Su)t = S{q,p} + Scolor‘ %EE(J E EEE?ETL? (q,p), m“ﬁﬁ*ﬁ*ﬁﬂﬂ
[Example] 2-state. |1) : P, = r;|2) : P, = 1 — r. For a single particle,
2

Smix = —kp ZP,. InP, == —kglrinr+ (1 —7r)In (1 —r)]. BHRIE: r =

r=1

= Smix =kgln2

DN | —

1.2.5 Grand Canonical Ensemble

exchange energy, matter. (T, V, ). |rs): KiF#CN N,, BeEN E,. 2% 55 A 55 A BIEHKR—MLRE.

e_aN'r_ﬁEs
PTS R
Z e_aNr_BEs
REE AEEE’JL% U(S,V,N) F=U-TS F(T,V, N) &(T,V, p)» B Grand potential.
ZNrefaN —BE;
r.s dq _ —aN,—BE, S
N>:ZNPTS: :—a,q—ln (;e CAPRLET (E) = - 65 9~ q-potential

Z —aN,—BE,
T8 €
r,8

QZV.T) = Y Z%Qn,(V.T), Z=e ™ fugacity(&IE)

N, =0
F i Gibbs entropy(for open system) (In P,.) Z Ps(InPy) = S =—kg Z P.sInP.
IR o (NVRsThr  (An)Y)  kpT B bv
Pk (AN)?) = % = m v K, kT =-3 | 57

N
[Example] Ideal gas. Qn (V,T) = %,Ql(V,T) = hl?,/ 8% d3qd%5 = AKB # H = H(p), MEXN Q:(V,T) =V f(T).

WNEE I R 50 B R, T BN Q(Z,V,T) = g WD _ v g g oo

N, !
N,=0
A4 g-potential N ¢(Z,V,T) =InQ = ZV f(T). ZHRI1FERIEE ¢ FIRAR D FH: EE P = %q = ZkgTf(T);
RFHN =~ 20 gy p(rys Wik U = gg = ZVksT?f(T); RET7 8 PV = NkpT,
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[Example] Fluctuation of number of particles. ER R (V, N) HHFI/NX IR Q, AFUA v, KiFHCN n. W Q 5 n Ak 1R

Z 6*Oén*ﬁE5,,s)

%, 4 IR TN (n) = gv. BTSSR T AR QIR P =, Po=1— 2 U
n - Q
| n
Q A n ARCEHIEE N P(n) = WNWP;LP(;”, lim_P(n) 5464 Poisson 41i: P(n) <Z>| o=, $o () — gv.

1.3 Phase Transition

A system containing many degrees of freedom — exhibits collective behavior.

[Example] 1. condensation of water vapor; 2. critical behavior; 3. magnetic system. ferromagnetism(H & #ifb). M#AJE AN
paramagnetism M o< H. IXEEFAARL7F7E 4 L1, 4. fluid-superfulid phase transition(He-3 fermion, 7, = 2.491 mK; He-4 boson,
T. = 2172 K) fermion pair 4 7] A2 A4EEE5R, 11742 fermion pair 75 ZARAKIR; 5. social/crowd behavior, market price...

dp = vdP — sdT, W53 — B FECRA A — AR OKEEK), ZBr FEBORA N A2,

1.3.1 Van der Waals Theory

motivation: to find the universal law for gas-liquid phase transition.

oy F A AR R, @S] IGFE AL ro. fZIE ideal gas: P = RTb — %. b: hard-core repulsion(f# ERHE J/7); a:
v — v
2
attraction, % ~nl = in) 1T > |€o\, ] ZWEH EAER; 2. T J, interaction 1, condensed state(liquid state); 3. T" — 0, crystal
v

state/amorphous state (mechanical in equilibrium).

1.3.1.1 Derivation of Van der Waals Equation

1 HN v; 1 No\" o
- - 32 d37. _ a2 E 7o — _ -BU

[a3p hard-core repulsion

U 1 7 T 1 2 132 — — o N 1 el 1 N2
U= 5 ZJ Vattract <Qi - qj) = 3 /d3r1d37"2n(7“1)”(7“2)Varrract(ﬁ _ T2) _ 2n2V/V;nmct(7“)d3r _ 57“
i, T

u
2

N N N
F=—kgThQn(V,T) = —NksTIn (V - 2“’) + NkpT'ln () +3NksTIn Ay — u——
e

2V
oF NkgT u N2
N 2
8V TN V_iw \%/V

b
f# H cluster expansion Xf V (q; — ¢;) #ATAbHE.

00, r<ry o Ory2
[Example] U(r) = ro\6 .B(T) = -2« [e"UM/keT _q]p2dy = o (- Yo ,
—Uo (*0) ;T >To 0

T

ye 271'7"8U0’ b 27rd
3 3

1.3.1.1.1 Simpler Argument Statistical independence of particles — consider a single particle. Accessible volume(repulsion):
N

V —W, Vyx N =V, =>N; potential energy(attraction): 4 o< % =n=u= —ays

Ql(V, T) = f(T)/ eaN/VTdSF: f(T)(V _ bN)eaN/VT,

V-V,
N AN
P=— <8F> :k:BTaanN :k‘BT% (m?\;') é‘V:Ok:BTNaan1
T,N T,N */ T,N

v oV
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1.3.2 Phase Diagram

Van der Waals equation: real gas.

A A P B(T T
Other ways to describe: PV = RT (1+V2+V;’+...) ., or k;} = 14_75} ) + C; ) +...
P = RTb — —a2 B b —A v M=IROTRE. ARAE =M AR 2 gas-liquid coexistence. vy = vy, v3 = v,. FRRIEOL:
v— v

V1, Va9, U3 — v, BI critical point.

1.3.2.1 Maxwell Construction

G = puN. R E, dG = =54T + VAP. &y = P KV P(v) ZREL AN A, B. LM A F| B K H Hifg

Ve

B B
TR AG = / Vdp = / A(PV) — PAV] = P(Vy — V) — / PAV = 0, FEA B y — P H& FHBEBA P(o)
A A Va
e SRR, ] LRGN P(v) &AL y = P KPE B IR ARSE. 2 i, 7EiX 67K T2k | liquid-gas coexistence.

2.8 |
2.6
2.4 |
a8
2.2 |
2 |1
1.8 1 1 1 1 1 1 1
0.1 02 03 04 05 06 07 038
v
. . - o Ug — Vo 8P = 7, L2, 2
THEAE PR G ARF: vo = av + (1 — 2)vy = o = — R lever rule. S50 > 0 RIITEATRE .
g9 v
1.3.2.2 Ciritical Behavior
oP 0P 8 RT, 8 .
Critical point: 0 =0, oz ) =0=P. = #, T. = ﬁ, v. = 3b, material dependent; Poo. = —, material inde-
pendent.
P T 3 \ NN
P = 5 U= 3, T, = 7= <PT + 2) (3v, — 1) = 8T;.. FrLARIME & ANFZE KT Van der Waals gas, 7] DL# it 1
Ve " V2

(Pr,v) # %Cﬁ‘ﬁ%%ﬁﬁﬁi‘? corresponding state.
BN P =147, v =14+%, T, =14t ANTEM (7, ¥, t) b ilm 5 s IR,

1.3.2.2.1 Along the isothermal curve att = 0(T'=T7,) 7 = —%\IJ"‘, 3: critical exponent.

3
7r:4t—6tllfl+§\lf§’

_ 33
7r—4t—6t\I/g+§\Ilg

S ap s s 3 .
1.3.2.22 U, §1 U, X critical point BBILITA 7 =4t — 6tT + 5\113 = - JREEH) v F v, SR iE

VB
Maxwell construction /dG =0= P(Vg —Vy)— / PAV =0 521 A (7, U, t) EM:

Va

v

g 3

/p 7(U;6)dV = (¥, — V) = 4t — 3t(V, + ¥;) — é(‘lfg + )L+ 07) =
l

PRAL TR E] 21 = 8t — 6t(T; + U,) — g (U7 +02) = (U +0)) (¥, — ) =0= T, = -0,
DRI AE I S s BT, Wy R0 W, SR L 2 A 7 I P i .
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1
a\I]> gtil, t>0

1.3.2.2.3 Isothermal Compressibility Near the Critical State — ( , —1: critical exponent.

o 1—12|t|*1, t<0
[Example] First observation of critical phenomenon. Water: 7T, = 373.946°C, P. = 217.7 atom.
N
. ) max k‘ T .
[Discussion] Q(Z,V.T) = Y~ ZVQn(V,T), P = 7= nQ. HHGH TSI AN, 4527 475 1 singularity), 1
N=0

%25k Thermodynamic limit(¥4 /72444 FR), B Hm g ]ﬁJHﬂL v finite const..

Niax,V—r00

1.3.3 Ising Model: From Thermodynamic Approach to Statistical Approach

H({o;}) = —JZ oi0; — uB ZU“ ; = +1(binary variable)

1.3.3.1 Preliminary Analysics

BNy ANETE T, N2 ABTE L XA Nyy A %, N__ AEAR L] 193G Ny RARSE 1t 5 1) 3L

i XS SR E M E R Hy = —J(Ny, + N__ — N, ) — uB(N, — N_).

W g & B ERIECALEL Y T Ising Model B 2), fF/ELAIHR KR N = N, + N_,gN. =2N, + Ny, gN_ =2N__ + N, _.
BR e UG PSS AR B

(Ny, Ny ) AREBAOUR, FAEHTDIE B Hy (Ny, Nyy) = —J <;qN —2gN, + 4N++> — puB(N, — N),

Qn = Z e PHNINENe+) g (N Noy)
(N4 ,Nyy)

1.3.3.2 Mean-Field Approximation

N_
Order parameter(J¥ 2 &): L = ZUz = €[-1,+1]. 7§ M = u(N, — N_) = uNL.

Nif+N__—N,_

[Discussion] ¥ I MBS L = 0 Fr a4 1, Jaa ["IRR G DL, AT LAt — 25 G P& S = TN
2

RUAHAE E e 77 AR R 7, IR T BRI 2 80O 158 77 1 5E L.
J
H({o;}) ——JZalq ,LLBZO'z —52 (Zaj) Uz‘—UBZUi
( (4) i
=-3 Z(qﬁ)oi — uBZUi =—u <B + ;B’) Zai, B = qug, Effective field

spin flip(t<>)) Bl ERE RN de = — ey = (—JZ o; — ,U,BO'Z> - (—J D oi— uBaZ) = 2u(B+ B').
@) S ) S

e~ Bex _

l

N 1-— _ - = _ 1
pET Z e~ Pei, N4 self-consistency functlon(ﬁ/*ﬁﬁ) N, ? =¢ 2B(MB+qJL)’ I —-5— — Z 0.

b(
=2

1+x

LA In, HEIN arctanhz = 71 ,#33] B (¢JL + pB) = arctanh (L), & L JE=\1) Equation of State.
[Example] H &/ {# | Mean-Field appr0x1mat10n EI'J ¥

1. ¥ electric potential ¢(7), ki 404 () = > esnSoe_eig(TF) , V26(7) = —4mp(7).

2L —-OF, B L~Mx B, paramagnetisril(]lbﬁﬁéﬁ). AELRPET — ferromagnetism(EkH).

13321 B=0THL % Lo=L(B=0),82LII5%G FHREHFEL
3
1 FH AR BR liLI(l) tanh (z) ~ x — % + O(z%), JEIPIRETTHE: (BqJ — 1)Ly =

(B JZO)S.%ﬁqJ—1>O<:>T< Z—J:Tc,

Ly =
1
3 B
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WIAFAENTRE AR Lo = 0; FINIEAEAERE 2 DMETM, RERGT B AL,

*ETEEME%IE,%FE%@M?EM 1o L
dLo Lo>0 kpTe

XtF Lo-T M. iXj&—FF continuous phase transition, J& T - F#H48. symmetry abrupt change (X} FR M FE4F).

T. 1-3/(T.\*® - , T\?
1. 78 T, 724038, Aol Ze ~33(1-=—]) .
Tli)I;l_ LO LO T 3L0 T = L 3 1 T.

= 1.

2T\ 4 L
246 T — 0 B, AT Jim To = 1 — 2exp ( ),@zd%ﬁg
T dT
1 —2
HHSRIE B = 0 BTRY Specific Heat(F&R). ANz 24 M ey H({oi}) = —5 Z(QU)U1 = —§qJNL0;
WENNARER S o, = 000 _ _qJNzo%. AT L0 B 1. T > T, B oo = 0;
aT dT ar’
0 kpN=< L—I_LO ~ 3Nk
2. Hm b sy FE T ILHD 133 © = RN Lo —2\ 2B
T T’ T (1 I )
FHRTE B = 0 BFRYKE So. 1. Statistical method. % So(T > T,.) = kpln (2) = NkgIn2.
T T. T 07
2. Thermodynamic method. Sy(T > T,) = / w = / M + / “ = qJN/ @dfo
= o T 0 T T . T
1
:NkB/ arctanh (LO)dLO NkpIn?2
3R B = 0 BIRYRELE xo.
oM :> i NM? 1 i NM? 1 i AN M? 2T,
= —_ 1m —_— 1m ~ 1m ~ €ex — .
o=\ 9B rore T Thy T o 0T 2k -1 10T Thpr CPUTT
1.3.3.2.2 Weak External Field B —0 7T >T.I, A L~ 1o B = H B = L x B, HJ Curie’s law.

1—fBqJ kp(T —1T¢)

1.3.3.3 Lost Correlation under Mean-Field Approximation

N ++
1.3.3.3.1 #EFRQWE  BULE PRI AL (4, 7). F AT 1 BB Pry = Ly FE A TR e 1 R R AR
21
Ne Ny P, x P,? 8 MFT 4 Hi1 U, = —%qJNfi, N, = %N(l + Lo), Hy (N, Ny ) HATHIEC ).

N N
. N, . N__ P P _ pP2p? 1
[P P__ = P2, P,_ =2P,P_. fi}t Random mixing(58 4= BEHL): —= = S =L - =

NZ_ (Pr_+P_,)> 4P?P* 1
AL 122 1 i 25 i, WU A7 A2 AT [ e8] 1Y) correlation.

1.3.3.3.2 FKREKIE % o; Y4 continuous variable o = (o) + do; = m + do;, N
H= —JZaloj = —JZ m+do;)(m + d0;) = —quZéol = —quz ; = —quzm- + const.

(3,
Fan &\IEEIT ﬁﬁ T boi60; — 0 T, IX B R lost of correlatlon of ﬂuctuatlon
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1.3.3.4 Derivation of Equation of State in Terms of Order Parameter L

Also as an [Exercise]:

Ny 1 N_ 1 Ny —N_

— =—-(1+1L —=—-(1-L L=———

Niy N+2 Nep g 2 N_ Ny g 2
= ==-(1+L ilartly — = =(1— L —==-(1-1L

S (5) o S -t sy Nom — 0 Sm -t

1
U(L) = ~5¢JNL* — uBNL

N! N—oo 1+L 1+L 1-L 1-L
=kpln| ——— —kgN 1 1
=k n<N+!N!) b [ 2 n( 2 >+ 2 n( 2 ﬂ

1 1+L (1+L\ 1-L (1-1L
F(L)_U—TS_—2qJNL2—uBNL+kBTN{ ; ln< + >+ m( )]

2 2 2
oF 1 + L 1-L
87[/_0:> —qJNL — uBN—I—QkBTN{ln( 5 >+1—ln<2>—1]—0
1 1+L 1 1+ L qJL + uB
—qJNL — uBN + —kgTN'1 = -1 =
= ~@INL = pBN =+ 5 kp n( L) 2“(1—L> kT
1
= arctanh L = S(¢JL + uB), (= T

1.3.3.5 1st-Order Approximation-Bethe’s Method @ 1935

q q
(q+ 1) system. oo JE&ZF] g 4 oy BIEA. Hypr = —puBoo — (B + B) Z - JZ 000;. Requirement: o0p =7, Vj.
j=1 j=1

oo=—1 B B/ J
_ —BHgy1 _ _ *ta q _ K r 1% _
Z= ZiZ et 2“7 177 Za = e [2eosh (a+ o’ £7)]7, o= d = =
Z, Z. 1 1102 Con dlnZ
= () — +(=1)—, Uj=<§ZUJ'>262@(%%EEU‘\U%€%Z:Z€ Ne=BB: - (N) = — 90 )
J 7,8
. , h(o+a +7)]°"
FBR 5, =7 = 2 = cos il .o =o' (a, 7).
HSHo0=0;=¢ Losh(a—i—a’—fy) (2 7)

12
#1 a = 0 (no external field), LI o/ = 0 FEAAAEL). dEFME: o = (¢ — 1) tanh~y (o/ — sech? ,YO;) MR e T,

ln(n) me 1
ﬁﬁﬁﬂﬂ%ﬂ%@%( )wmq—l)tanhwlﬁ’%%_?n ¢-2) C_’me< “ )

q—2
s 2 1
6] 122 i@ MFT 521/ T, = 4t hm T, = lim ot ﬂ, B MFT
]'CB q—0 kB In 1 ]{73 .
1-2/q
06 R BT 1-dim Ising Model, ¢ = 2 = T, = 0.
Zy
1 ot
J T\1>* _ (+)-Z,+(-1)-Zz_. Z_ sinh (2a + 2a')

T<T)=|3(q—1 1- — = - - _

=t [ X )kBTc < TC>} P Zy+7Z- é-yl cosh (2ac + 2a') + e=27
7
/ 2
Fa=00 lmg =2 | T 4T U R AR o WAHET T — T, WHE R R,
a’ =0 1+ e 2% q—1kgT. T.
N N__ 1
1.3.3.5.1 Correlation of Spin %} T no correlation 4 %, +N+72 =7
Jrf

287 < T~ ” 1
WRARASHE Z= 3 S | Y | =Zus+ 2o+ 2 BHERESR N, + N+ N, = LN,

oco=%101£1 \ 02,03, ,04=%1
qN
4[e7 cosh (2a0 4 20') + €77

!’ !
AIRAE (Nyy N, N = (ero2etn, a0ty pem),
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N++ N__ 1 correiatlon J

RARSEBEIR St = e = 0

. 1 cosh (2a/) — =27
1.3.3.5.2 Specific Heat N REA =——qJN
pecific Heat TG/M7NREN U, S4IN (2o T T

1 dL . Vi e ST M
NCI(:: = §q72 sech”®y > 0 {lﬁ] 12 MFT 4511 ¢ oc Lo di? = 0 FHbAb 45 AR, E?&%@%T@K?@r?ﬁﬂ%ﬁﬁk%]
B

AET > T, 0, 0PN o = 0. BB HE N

1.3.3.6 Exact Solution of 1-D Ising Model

HESIAERAT (on1 = o), BB TiE Hy({o:}) = _JZUZUJ MBZUz = _JZUzUzH QMBZ Oi+0it1)

(i)
Z Hexp {ﬁ |:<](71‘0'i+1 + 5#3(0’,‘ + Uj>:| }>

1. $BMEEHES: Qn = {Z}exp {52 |:J0'i0'i+1 + §MB<01' + O'i+1>:| } =

{?} i :
Mg H| A S R TR @n = Z H<0i|P|0i+1> = Z<01|P |log){oa| Plog) -+ (on-1|P |on){on| Ploni1)
{o:} @ {o:}
= 3 (ouPVoy) = TePY =AY AN RN g, RSERE P RORE(L
o1==x1
\ 1 0 P.. P.. BU+uB) =B
exnlo =+ =[] lo=-n=[] s p= [P Do) <[0T 00

P AHBNMHEE A\ = e/ cosh (BuB) + [e= %7 + %%/ sinh? (BMB)]%.
1 1
SMQy A =In {eﬁJ cosh (BuB) + [e72%7 + ¢**/ sinh? (BuB)]? }

1 F
F(B,T)=—-NkgTlnQy = —NJ — NkgTIn {cosh (BuB) + [e~**7 + sinh® (BuB)|” } M = <gB> , lim M =0

. \ — " — BJicioit1 NN
2 BIEESWERSEE. W T SIHR T, EEIHB = 0)F: @ {Z} LI ymims—m
Z e/BJN—IUNflo'N — eﬁJN710N71 + e*ﬂJN—lUN—l — 2COSh (BJN_l(TN_l) evenfu:nction 2COSh (BJN_I)
UN::I:l

N-1
FRABHELR: Qv =2cosh (BIy_1)Qn—1, Q1= Y (1)=2=Qn =@ [] 2cosh (8.

o1=%1 i=1
81nQ 10nQy
B’

TR 153 225 (8] R E (opoy) = "G o7 = tanh (8J),
k
O'?:l 1 8 a 8 k+r—1 )
(OkOksr) = (OkOk41 Okp10ks2* Ohyr—10kty) = mﬁajk 30Tt ﬁaijrT_lQN H tanh (8J;) = tanh” (8J)

i=k
1
— o T/§ ; = - g1 y ; — ; —
e "/¢  correlation length: & n [coth (3] = i i1 4 DA T Sk o k. %1%5 00, Th_r}rgof 0

F (F) =

1.3.3.7 Phase Transition & Space Dimension

2J

spin flip: energetically unfavored, entropically favored. F' = 2J — kgTIn N < 0=T > N
Bin

ID: (4, +, —, +,+) G0 TR B + > —, ARUHFERER; 2D: | | AT EBNEE, IR R

1.3.3.8 Development of Ising Model

1.3.3.8.1 Spin Glass Z Jijoioj —h Z i metastable state.
(4,4)
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1, i)WV > U

1.3.3.8.2 Hopfield Network Learning & Computation. V; — J .
0, ity wuVi<U
J

Py _
1.3.3.8.3 Boltzmann Machine V;, =0 — 1, # = ¢ AB:i/kBT
V.

=1

1.3.4 Landau’s Theory (of 2nd Order Phase Transition)

Critical exponents: «, (3,7, 0. External ﬁeld h; Order parameter: mg = m(h = 0);
Response functions: Cy (FA%), o ~ — (ﬁﬁﬁﬂﬁz)

T—T)", T-—TF
lim  mo~ (T, —T)?, lim xo ~ ( ) , e )
h—0,T—T; h—0 (T.-T)", T—=1T;

T-T) T-—TF

lim m ~hY%  lim Cy ~ ( ) / ¢

L h—0 (T.-T)~, T—1T-
[Example] 1. superfluid He: oo = —0.01294; 2. Oth approximation of Ising Model & Van der Waals theory of gas-liquid phase tran-
sitiont v =/ =0, B = %,7 =~"=1,=3;3.C02: =034, §=042, y=132.N2: =033, 6=042, =135

[Discussion] Critical exponents. 5 (&2 261, FHILIK R o + 26 ++ > 2 (Rushbrooke’s inequality).

1.3.4.1 Constrained Free Energy

B, oF OF(T,H,M
FEAE T, dF =-SdT — MdH, M=-|_—-=)| = F(T,H,M),let ¥ = 0. M acts as a constraint.
oH ) . oM equilibrium
Continuous variable mg: 1, = 0 "5 0 £ 0.

Free energy (analytic function of m): linl>O bo(t,mo) = q(t) +r(t)mg + s(t)ymg + -+t = - ; Tc’
Hrpq(t),r(t), s(t) & phenomenologiéal parameters(ME R Z4)). ‘
— AL mo-T FMEH, mo HILERFE. 7£ gas-liquid PT W1, mo = p; — p,.
[Discussion] vy A&X} mg KL, BENER RSB A:
1. symmetry: BEFANNAKH T-REAL I 5 [, BY 4ho(mo) = wo(—myo);
2. FAENE: H HIRE T EAE mo = 0 (i) DUSAR/IME, & A s 6 73 ;/;Z # 0.
mo=0
22 25 du(T,p, h) = —SdAT + vdp — mdh. IAFNZ h BBILALHLES: L= p+ mbh,

iy N ~ Gibbs Free Energy
;H\:éﬁ&ﬁj‘j d,u = -58dT —+ Udp — hdm. %B/A = ﬁ —mh :ﬁo(T,p) + a(T,p)mQ + B(T,p)m4 —mh.

AT o _ r(t)ymo + 2s(t)mi = 0= my =0, £ —r(t). B r(t), s(t) Lt i EURIT:

mo s(t)
r(t) = o+ | rut |+ rat? + - =[50+ s1t + sot” + - -, (LHVHEE I
Yo = qo + ritmg + somg, 11 >0, so > 0. FEERR \/2 \/7;|t| - %, mo ~ 28 [FI5E ).
S So
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Yo(mo)

iy ~ [£1/2
1
=3 Yo(mo) = qo + ritm2 + somy T > T. (t > 0)
T <T,(t<0)
mo
o (— Yo(mp)
0 Entropy 0o 0 t>0
WA g ~ ———,  Entropy = — ~rym2<{
0 ot PY= "0t = O g~ 1]E, £ <0

[Discussion] The concept of ”Universality Class(Zi&38)”. DA critical exponents X #4847 4325, HL i Ising Model A1 Van der
Waals gas JE T [{F(a=a'=0,8= l,fy =9 =1,6 =3). q(t), r(t), s(t) ANFM critical exponents, T & Fifi ik HAKSZL .
[Discussion] Wriss model @ 1907

F=U-TS, dU:—/HdM, H=H., +b, bo M :meanfield= U = —HM + aM?

N+—N_ 1+m
S=8(m), m=—7—, S(m):—Nk:BZlenPj, Pi(m) = ——

J
F=—hm+am?— NkgT[(1+m)In(1+m)+ (1 —m)In (1 —m)]
o, 8F 3 7"1|t| _
Landau Free Energy #7555 12: = 0= h=2rm+4som® = |mo| = T t =0
m mo So

3141 /.3 FAMES
itz /sg ri[t]z/s

~ h Cih
é@’ffbgﬁﬂﬁﬁiﬁ:ﬁ%} —EHQTQNW TRA :C2|t|2f( 12) -

3
L h 1 ~ o~ ~
2% [2 sen (1) <m> +4 <m> } = 2} Rsgn@m+m’] =k ¢ = —him+sen (i* + i’
0

Beyond MFT: KHHEEUEI A o = Colt| " f (ItID ymg ~ lim <‘Zf]f> ~ lim t]2em A f <Clh> =f=2—a—-A

e —a+2A—2, 6= ?. R B 4138 LA R Hamiltonian,

1.3.4.2 Fluctuations & Correlation Functions
KRR (0i0)) = (03)(0;). & XKBKEHE g;; = (050;) — (0:){0;) = (d0:d0;), HH b0 = 0 — (0).
fi > R ECN Qn (H, T) Z exp ,BJZQUJ + mHZo—Z) BN In Qv SR T LA 21

o0l 0°1
DN — B <zaz>: ) T?{?N:m (0r2) - (1?)
_OM _ 9 (10mQNY _ e e axe
=511 = o (5 oga ) = B (a2) = () = Sas
[Discussion] Fluctuation & Response Theorem.
e 9(E) ((AE)?)
Fh 7% = = .
L %% C, T KnTZ
Low)| _ (avy)

2. IR R YRR = —— = .
EWEAEH ki V) 0P ., kT (V)

,, 1 L .
For homegeneous system, 95 = 9(7), X = ﬁNQNZQ (M) = Nﬁlf? /ddrg (), a:lattice constant, ] % 4y F 3¢ b
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IF T AT L A R F § (E), (B K = 0 48, B § (E - o) Sy

[Discussion] Linear Response. H = Hy[m(z)] — [ dem(z)h(z), FH m(x) F h(x) /& linear coupling K. -4
F=—kaThnQ. (o) = ) = o B = 3 (mam(a') — (m(a) (')

1.3.4.2.1 Generalized Landau Free Energy Correlation Function —ff&4, HHAE F = / d’z {am (Z)° +b[Vm (37;’)]2}

m (&) 4 order parameter, 3t a = kt, TRAFHERBEKIE ¢ \/; SRR 2 8 m (2) (0EER L (m (2) m (7).

A1 Fourier 454 m (7) = (271r> / dGe T (), (q) = / AT (7) H5 FAE 22 EE,
= A\ = 7
iz / 7124t = (am) 6 — ). AR AN Pl (@) = [ (;‘fd (kt +bg”) 7 (4) 7 (=)
IR C (7) = (m (7) m(0) = g [ Q'™ (| (@)]°). 3 Fourier 545
5@ (DI exp {~BF [m (P]}d’q 2m)¢ T 2m)? T
C(Q = - -
[eot-sFm@naiy 2 M2 R
= 2 =l b g T Tl T 1
BHARH 7 A, A3 C(7) = 5 /ddq6 kt + b’

1. d = 1: Residue theorem. 11>I>Ié C(r) o« Tﬁ(dil)ﬂeir/g;

2.d=3:C(r) ~ Lomre,
T

[Discussion] New critical exponents. X} TSI R A7 . (l)ixtn o E~t™, C(r) o (d=24m)
—0,t— =0

1.3.4.2.2 Validity of Mean-Field Approximation 3317 P i i) 25 2436
1. 3K5E v.s. B SRR — KL oo, BOVEEIRECEAR) N & BIVERE Q. JaE N KRB RN o,.
If/ (60,800)dF < /(ar)(00>ddf'<:> Tx <m?*t < T(T.-T)" < (T. - T)**(T. - T) ™" = v < vd — 28,
Q Q
e L 1. ..
A IR BOARD, R MFTGy = 1,8 = v = ) B = [d > 4]

2. BE/EERR, M Tk e Ur = =7 D (0i03) = (i) = =T D _g(ry),
irj

i o gy —

Heg(r) /d (qa) 1)

%€ Long wavelength limit (small ¢ ~

1,7
T JXBEE ML KB MAES ¢, — 090 _ / AT
! ot 12(1 + £2¢2)
1 d—1

. ~ 7q ~ —dy—2 ~ _% - -2 ~ _(d_4)/2
= O /dqt2(1+£2q2) e (1h) :
K, Jim O =00 Rl 1, i —5L.

1.3.5 Scale Transformation

X} 2D spin lattice 31T A5 FE AL 4 Nezfo X WK I, W T Critical state(§ — 00), 274§ Scale invariance.

8 8 8
| I |

T o
0o o
T T
[Discussion] Symmetry consideration (Noether’s theorem).
L=(@+9)+V(@—y), N (z,y) = (x4 6,y + 0) RIHPBALYE; L =4 + 9 + 2° + y°, RIVBTEEEALNE.

1.3.5.1 Implement Scale Transformation

A7 PN RO A e S8
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1. Block-spin transformation: =3 { :} g HE S o — o =la(l =2); HIEMIN - N =17N(d = 2);

S © © ©
S © © ©
S © © O
S © © O

N N’
R r — ¢/ =1~ 'r. Number density invariant: AT o=t o' ==+1.

g o g ogo
0 4o go g . ,
2. g ; ’;’ ; ’z ; ,QN—ZeXp —BHN({o}, J)] Zexp —BHy ({03}, 7], ’—E,a’Z\/ia,l:%:\@.
6 0o g o & o
o g o g o

S AS A TR I B AE(Landau E 882 Helmholtz [ HiAE), Single point: Ny (¢, h') = Ny (¢, h),
KN = N = 17N, VARt =t =1t h — B = 1"h, TR ) BHFEGE &) (4 h) =17 dw (1v¢t, 19 h) 3K

CLRIE A 6 (8, h) = [P0 (M ) AR 5 A tm(t' ) _ P ( W )

L
e h d
AT = ——, [P =) BRI R o= ) p= 2
el [ Y’ Yi
1.3.5.2 Scale Transformation in 1D & 2D Ising Models

1.3.5.2.1 1D Ising Model W5 J — J', B — B A BRI, K0 m B SRR

Qn = ZGXP {52 |:Jo'io'i+1 + %MB(Ui + O-i+1>:| } = ZGXP {Z [Ko + Ky0i0i41 + %K2<Ui + O'i+1):| }
KEBEEREILN K = (Ko, K1, K,) = (0, 8J, BuB). WA #IE K — K, &S EMS%JE?%E@%E.
ANGIRE S H e N JyisE, I E eI b A R A D”JEBE%ZEU% N o N = N At 5 R 5 B ok

N

QN — Z H€2K062K2(!T +¢T]+1)2COSh [Kl (0' + O']+1 + K2 ZHeK +K’0;UJ+1+éK/(U +(7]+1)

o' Jj=1 a' Jj=1
o HPRHEIAIAR ELERAN, 2508 3 ML 0y = 0nyin = 41 = 0 = 113 ony = —omye1 = o, = 0, fENAIATTEL
ﬁ B K — K fEAERER
o = 2¢20[cosh (2K, + K>) cosh (2K — K») cosh? K,]T = #o(Ko, K1, K»), €51 =1 (K1, K,), e = (K}, K>)
[Discussion] ff LI KA (K, = 0) F % &, Bl 3 BRECR#A Qn (K, Ks) = BNIK‘I)QN'(K{, K,)',
Bl H T REAR N Fy (K, Ko) = —N'K| + Fyi (K1, K3).
B I8y (K, ) TE: (K3 K = 0) = —3 I [2c0sh? (200)] + 3 f (K1 = n [cosh? (260) |5 K = 0)
%L x =K, W flz)= —%ln [2cosh% (2.%'):| + %f (ln [cosh% (295)}), RNz =0KH f(0)=—In2.

N S\ ) 26 R yz(x) = h% 2 71/l
S 1(e) = oo, A HBEEIISR: 0Ty = o () 8y = o)

FL| f(K1; Ky = 0) = — In (2cosh 1) |

13522 2D IsingModel Qy = ¢V Y exp {K > oo+ LY oioj+ MY ajarozom}

1.3.5.2.3 Origin of Fixed Point 254t K' = R,(K) A LLWL N SE K 2t ) flow (k).
AT REAFAE BT K, /18 Ry(K*) = K*. iXZ5 53 Bl Fixed Point.
[Example] X, 11 = AX;(1 — X;), FEN DA R X* =0, 1.

AEHO L FAERE, BV RHIE LR AT 438 S AHOETS 8, ) Ry [Ry, (1)) = Riyuay () — My Ay = Myt
BB WIRHER TR A1) ~ 1° TBR, T 191 = (1 - 1)
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W K BIESAR . 10 RP(K*) = K™ A% K 3T 7 n Ik Ry 244 1. B4 B R 259 2 A el e (W) = [0,
T B K TE, A (K = 17 (K. BRAAPAME (" 5.

[Discussion] #£85d n RGBS ¢ [K™], B3 A M K© = RY(K) MR ¢(K() = oo 14?
BT 0> 1 WSRBKEER ¢ (K') = 17¢(K) < §(K). AT ¢ [K™] i, B RBuiipm ¢ (K9] = o
I, € = oo AMULTEARS) i /Critical point I, W2 4E K %% 8] %4 BT £ Critical Curve.

1.3.5.2.4 RG Flow Near the Critical/Fixed Point in X Space WA ASNSMIEN K = K* +k, Kb k=0
L. L. .\ OR .
WMok K — K ¥ 5 {E Taylor JEJF: K' = K*+ k' =R, (K*+k):Rl (K*)+ éq@ ke
J=K*
- - OR, - L _ 7 - - — 1h. — e
o = Ak, 4= D) gy oo F = 3w Aot = AR BT D vt = 4w
=R ‘ : :

BEIEITRE A, = A ﬁwj ZU’-% = 2 A SRR s o = s =

n WAHE, A ol = vl = A AT

Lo > 1, s 7?35151 BERS u, jj Relevant Variable(‘5 #1242 51#k);

2.\ < 1, M4 8T 0, BEAT w; 24 Irrelevant Variable(JCAHAZ TTHR).

[Discussion] Scale transformation f&— M5 2 Z R IEFE, B DLE BT ™ MR A BERE AR RESE#4).
ILAEHT 5T 2D Ising Model H1 1] RG flow. BUA XA K F1 L AE AL FREh, 13 2 K01 RG flow 75 & -

A

Difelevant

> K
TEREN B IFLE Gt T Brretovanss PIAESFTHE M7 1. AR, 25 BRI K BOMIZRSE), BRIt — 0.

[Discussion] Emergence of Non-analyticity/singularity
1. [B1Z: TERR FOIE 5 R BT, B — TAR & AT 1, 5 2277 4E singularity (77 550, W 75 ZoR AT 75 K, e #H & /75 A
flfies lm n=1r =mno:

V
2. Azl 51@:&Lﬁ%%i¢.éﬂ?§5?ﬁ%?ﬁiﬁ‘];
Uo vy
3 W S = gu (u? 1) TR U(t) = — S ue—u| . EEREE 0 = +1, it
Vug — (ug — 1)e =0
lim u(t) = sgn (Uo) J@iﬁ.
t—o0
/ 2 / K !
, K =2K>+L _ (K=K, =3 ) (K =K*+k
[Example] RG Equ. of 2D Ising Model: { I RGeS { I_1 1S LD BUANZ) MR { DLtk
9
K, = 4k +k
= i 17 g™ 2 e TN = 4 1 . , N
MBS S ; CBHSEEETER: F = Ak = A = Mg 0]. R FERRFIEE N A, , = 2 ig\/ﬁ.
Ky =k
3

(A1 > 1, 1] u; /& Relevant Variable, £~ u; # 0 i}, RG flow #& T K HL. )
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RHESSE 6o = |25 10) sttt AR =[] = )+ oo, RIS w, = 20 + (VIO - 2k

Loy =0, M Ay > 1 AEMPAPIB LAY (K, L), SR K-L 2508 10— %88 2k, + (V10 — 2)ky = 0, %
R K HiAHRZT K. ~ 0.3979.

[Discussion] Complexity? Universal behavior?

A x50 = flai, A) BEIEOTRE. W0 250 = Aai(1 — o), BEE N HARACBBIAZ A 2 K2 TE.

RN 8y = T RHUAFERIAR im0, = 46692

n n—1

1.4 Non-equilibrium Statistical Physics

Fluctuations. 1. Equilibrium state: thermodynamic level/quantities (N, T, P), FiHLAZ B/ EMER A — k& N = Ny + 6N,
2. Non-equilibrium state, thermodynamic level: i 723 [HI AN E), T (x, t), n(x, t). 8T /PR3 5B ? — flux. Relaxation(5th
T
74); Transportation(¥iji2). force-flux 7 .

1.4.1 Analyze Fluctuations
[Example] Classical nucleation theory: #5 fivapor > fiquids WIEEZE K 4. Local fluactuation of density p: grow/decay.

O = ol Apl R + o - TR KR

1.4.1.1 Static Thermodynamic Analysis
JENON equilibrium  fluactuated %%
WA fo —fo+of HIME.

" Ei+FEy,=FE

LRGN ARG 2 RSN (B, Vi), (Be, Vo), Hili2 By < Fa, Vi < Va; v1 +V2 v

1 2 —
BTN So, BRI Sy WP AS = 5; — S ST HGHENIBE P oc 542, AL Py = Py, Ty = Ty, 18

{AE2 - —AEl
1B, + Py, (AV2= 74N AF, + RAV;

AS:AS1+AS2:A51+/ % ~ Agl_%

0

0 2
AE — TAS + pAV

TRITBMEAN P, < exp (- ) Rk IESTTH (AE, AS, AV) iR, 5 AE 15 PA 25 i B T

kT
T —p
_(0E OF 1[/0E ) OE OE )
AE(S,V) _<8S>0 AS+ (av>0 AV + 3 [<852>0 (AS)*+2 (M>OASAV+ <8V2>0 (AV) ] +--
FRIFRIAL T+ AE — TAS + pAV = [ (6E> AS+ A <6E> Av} _1 [ATAS — ApAV],
2 8s ), v ), 2
TR P o exp (_ ATAS AP AV), BI= A A U AL, K% R
B
as oS C, as ,
— aj aj — 8£ _i gy = W —_l 67‘/
2. AP = <8T>VAT+ <8V>TAV = <8T)VAT HTVAV, SR EA R vy = v <ap -
{6571 Maxwell Relation ( 22) = (90 | sersmsten p Coarp- L (avy
axwell Relation v ). =\ a7 V,L_ X exp _2k3T2 — Shpkr TV .
(AT)?P(AT,AV)d(AT) eT? 1
KR (AT)?) = = g x (AV)?) = kgTkyV < V
/ P(AT, AV)A(AT) v
2
T s A G RN KM) AT + (‘9E AV] s SRPTL BB (-), W38 ST
<A> 8T VN 8 TN
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fluctuation of particle numbers

aE 2 Cross terms canonical aE
((AER)?*) = ((CLAT)?) + < KW) AV] >+ = C kT + kpTheV (av)

[Discussion] 4> internal energy per particle £ 5 volume per particle v.

OF 05\ 2 o5\ 2 SR, N 1
= i = =) HRTHRERE = D =
kgTkrV <8 ) = kgTkrNv <31})T kpTrkrNn? <8n> K n v %

H1Z B R R 2% <(AE)2> = kpT?C,, Bl canonical Ti. ¥ H: *D*j¥i‘zﬁ@ﬁ{§m ((AN)?) 5385, T S 1E

(AB)?) = ((AE)?) canonical + (%?)W (AN)2), o (AN)?) = Wﬂ#

wask kg S v gy VAT 1 VIAVY) L e MET LU T R R4
At 1RV xR VAT = Y R

1.4.1.2 Time Analysis of Fluctuations

2o — 2 (t). MIKTEREIHE S A(). WIRTH (A / A(t)dts & SN T CBER 3 6 (1) / SAMW)SA(u + t)du

fBIE ergodic(# &5 JI42), W IMPFEIARENE: 41, ) =(54 (;nf;rgtjz(tz» o (R0 A2 AR b(t,t2) — @(t2 — t1).

i [8] P A2 AN A5 in Joint probability P, (z1,t1; o, ta; 3 Tnytn) = Po(x1,t1 + Aty ma, ty + Aty -+ 2y, t, + At)

[Discussion] Correlation & Macroscopic properties.

1. ==[d] KEKEH g, in equilirium Response x;

2. BfE) KEX R & ¢>( ) O OTSEEI  onductivity, viscosity (R FE).

[Example] {WE kg. éj\j‘éth FOGE, &m%ﬁ AR5 B 2 T I, AR FL S, BT s s s BT M s (I
). BerA T 5L<92> = 5kBT = (0%) = — L (#3940 5E5: Hamiltonian o [ f1EEF77) 4 BI7E 1 atom 1 10~ mmHg #H47

SO T AR LLJG & e AR A £ (E R R, AU (0%) ok X Ay RTINS R I AR AL

14.1.2.1 Spectral Analysis [Discussion] il =53, Scbr Bt A o 4.
+oo oo
T(w) = / z(t)etdt, x(t) = ;ﬂ/ F(w)e ! dw

“+o0 +oo
XTI statistically stationary signal(Fa 215 5), KREKBREL ¢ (' — t) = / / _Z(“H“’ *) dwdw’,

~ too
ATHEWT AT N R EON (T (w)T (W')) = 27 [I2(w)} 6 (w— o), WAZHEINBIEA: ¢(t) = 2177/ 22 (w)e " dw,
o 22(w) A& 2%(t) R LA e, & 22 (w) SR 36 00— 1k, 7551

oo Foo
#(0) = <x2 (w)> = / x2(w)c217w =2 / 72 (w);i— Bl15 f Wiener-Khinchin theorem(for random process & statistically
oo T 0 i

stationary signal).

(Example] (1) = (a(0)a(0)) = (o0} () = @l07) 2 20) = (2 [ @)y ).

w? 4+ A2 <$ 2w
—+o00 )\ “+oo 1 T
dw = —dw = = 2(1)) = (z2(0
/0 NN i /0 A mg )=

1.4.2 Relaxation of Weakly Non-equilibrium State
Uz

) _ fo( ) = a(t) = e(0)e ™ HICHRTE) Relaxation equation. ¥ #f1iE FI K R4 R4 4, I

(2:(2)) = dxz ZM” I Guk (' — 1) = (@i () 2i(t)) = (wr(t)z: (V) = dpa (= 1) =

Hoai(—t) = ﬂfz(t) Gik (75 —1) =
PR LGS (] S S FRR, B| dan (2)

pir(t) = dra(—t) |

(z: (1) = ‘ k(1) = (@i (=) wi(—1)) = Gur [t = (=1)] = Pir (t = 1) = Pk (t) = Pir(—1)
= ¢ri(t)
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1.4.2.1 Flux & Force
SRINZIE: &:(t) = — Ny (), € XILHEE X, =

equilibrium 1 2
Taylor JEJ: S(x;) = S(0) o ) <8j§;ﬂ
Gl

1
) Ty = S(0) — §Bijxixj, Hrp Bij =
:L’,;*I]‘:O

TN .
%am (z5a) = _%(&jxk + 2;0ik) = —BinTe.

x;=0
o8 0

{S(O) - éﬁjkxjxk} - _

(1,29, ,x). 24(t), X;(t) 575N flux F1 force.

F /& Force X; = — Bz, M52 Force-Flux % & ,, HA i = Ma(871) s & Kinetic Coefficient.

o 2] = [0 72| |2 o s0) = o, MRS IR 5 = | X
T2 Y21 Y22 2 2

R § = Xy = 00, BANHLLGER FH.

(Example] % &4 ke, ZB8IAFAAA(dV = 0). FE4ERIR J,. Internal energy per volume: u(z,y, z,t). WA

ou _ o du=Lds aS 1 - oS Jh 1
E—FV Jh 0 675_ *VJ}I a + V- T = — 2Jh'VT.

04714 rate of entropy production(# 0 B AHEFT #2), BRI 0 B TR S RS E 7 FE.

1.4.2.2 Onsager’s Reciprocal Relation

SPHTASEE, (2:) = 0, (x;) = ;. (X)) = rgr[xinAeAS(xl’“"”7“)/’“5’} = ”gr [xinAeﬁﬁu(évi*fi)(wfij)}

—X;
6<xz> 0 Bij(xi—Z;)(x;—T; BI‘LI — o= Bij (i —F5) (2 — T4 1
i e o e Il 1 EO e O] s et (201

TREBBKR | (X)) = —kpdi; |

$ij(—t) i3 (1)
Time reversal symmetry of z; :  (z;(0)x;(t))=(x ( )z;(0))=2 S (x i(0)2;(0)) = (&;(0)z;(0)).

(2:(0)7;1X1(0))

N . \ _kB'Vgl(szl kB'Vji v
X IL 4T AR force-flux K F: i YAIEE] _z = Yji |
N {mﬂm><» @w%—*%% —

of

0X;

o i =i X %)UJ af UE f = % = X;i; = X,
[Discussion] Dynamics of ﬂuactuatlon z, =0— x; ;é 0. it TRk 7'7 T, = —Tipar;

1 H Ty, Arxs Ak, ATt —2 54E decay &) = —\;a7;

2. H T, antisymmetric(RRE{E 26 KE20), BD &; = — A2, WBNJ158 oscillatory (& %).

=2f

1.4.2.3 Fluactuation Phenomena

1 .
14231 XY Model Hamiltonian # = —57 ) <Si ' Sj>, HAHIRIERN S; = (cosb;,sin ;).
(2,9)
#H tK*ﬁQE’] Ising model £ 7 0 BEATHH]. 158 B Ab—H% i, ¥ 0 /2 4% /)N, U] Hamiltonian A

(%IE%H - ZZ [ ( ) (R + a)r; i ] Fourier 4% 07 = \/1N Ze (ﬁ) e_i%ﬁ,

¥ Hamiltonian S{EzhE kK= 0 = Z 510 |2 o Jr = QJZ [1 T eos (k a)} ’

exp (—g%), d = 1, short range order
<§ (ﬁ) .S (6)> ={ (R/a )_T/Qm , d = 2, quasi-long-range order

exp [ Tkpa} (1 + = R) d = 3, long range order
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1.4.2.3.2 Topological Defects #H+MEFF: vortex. 18IS K /3% 73 #T (LUK, winding number).
[Example] 4 s HL A FELI%, fd HLAar BITAE A7 B R defect core. W 5 FRLI% J% 507 I e e 360 FEE G Jie 7% 7 [ 1 [ JA e e
J7 AR R N+, [ 22 N-). ] winding number A +1. ZJ5RHIZ N 0. B 7§d9 =2k, k € Z.

b B~ [(V0)° ST, B RO R, 3 LAt o O 0 v = Lot %f{

%de = ¢v9 A= 18—2777’ =21k = P _ =k=0=ko+co co ﬁﬁéﬁ*ﬁuﬁ@
r 0o 0

X H ~ /(V9)2 AL, Bl 6H = 0= V20 =0

core energy

K =
1. One defect: E = eg(a) +3 /(V@)zd%ﬁe—kq5 go(a) + TKEk* In <R>
a

2. Two defects. r NPERFE AR, By = 27k ko K In < ) R 48 20A0 Coulomb A RE(H AT 45520, k1, ko acts as
charge. i B A\ OK T sy, kv A2 o, UK H 45 4.
[Discussion] KPZ 75 f£(fluactuation/growth of interfaces). h (%, ) N5t JEJE.

ahgtc’t) = vV2h+ A (Vh)’ +n(&t), 7= whitenoise (n(Zt))=0

1.4.3 Brownian Motion

[Discussion] & /£ /K Y BUOIFA 52 42 A BlIE 3, BOK IS R 3 2 flux. Brownian motion 75 /2 7] A5 i Hamilto-
nian [, B 22— AN E RS0 BN QORI : LI R RE At BUSIEZR S 252 S TR, K55 T (Polymer) 17
A G5 4 th F] 28 BT A1 BIE 30, EAS T8 AR R (R 255 8 2 1T 707 T A, JRRD Self Avoidance); FFEA 4 / <§2> ~ Lz, H s
N TH S RBE A

1.4.3.1 Random walk model
<r2> x t.

1.4.3.1.1 n steps on 1D lattice n /54T 5 m HIMZEA

n+m

Po(m)= %" (1) : <1> Dok =TT RBIA e Y Palm) = Y CLPEPRN =1

2 2 m=—n k=0

(m)=>_ mP,(m)=0, (m’ Z m2P,(m — (2?) o t.

ml

AR R T B i 7 2 A nh—>nolo P,(m) = \/217T7nexp <_2n> M { . ; . HEGAMA Pz, t)dz =

dx x?
NZT T T <_4Dt>’ o
PHORE D — L A s (107,1072) /s, GEIEH2) (1070,10°%) m s,

[Discussion] M T2k F#E. ¥ N particles, HI°8 6(x, 0) /047, St B ¢ )5, WA A6 BREL P2, t,)de — n (Z,t) da.
AT EAE. .
e R W — V(@) Fick's law ] (#,t) = — DVn (&,t), Wil S H B0 % — DV2n(,1)-

— e WO n (7,1) = (4SLW (- J

—0,(a?) = N/ (7, £) A7 = 24Dt ), 7T WA R
((Az)*) ~ Dt, A0BAKEEY B A2 LR 1m T FERS ¢ ~ <<Ag) N 10° s ~ 11 days-
[Discussion] \/((Az)2) ~ 7. v > %: super diffusion; < %: sub diffusion. e.g. cloud size: ~ ~ g
*ﬁ%%7¢%ﬁmmmmmmm%E%memméﬁﬁﬁﬁﬁﬁﬁ)
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Galton Board. 5 /Z#0/& X, = £1 (B MBEHE R, HGME S, = > Xi, T k BIER P(S = k) = CEp*(1 - p).

n

R, S5 K () = (H) x p+ (—1) x (1 - p) = L(2p — 1), BURALEIHEN (S,) = S (X0) = nl(2p — 1).

i=1

<Si>:<ZXin>:Z<X2>+ZXX = ["p+1*(1-p) TH—Z ) =nl*+n(n—1)(2p—1)%

% i#£] i£]j

d N N
1.4.3.1.2 d-Dim Off-Lattice Random Walk 7% 7 B NERER 7= Z Tobo, Hod 2, = Z @ - e = a Z cos 0;.

a=1

d cos 6;)=0

(
WRIEISMEA (r?) = Z (a2), %4 (22) = a® Z(cos 9i>+iW: Na® (cos 9).
a=1 i=1 =3

RIAERIT 40y — sing 4o dep - T H (d — 1) 4FKT: dQ = sin® 2 6, sin® 2 6y - sin’ 0y odf1df -~ 6,1
TR LA / P{O})AQ = 1 RS %y

/PO 811191 81119 ) . (sin9d72)1d91d92 N 'd9d71 = |:/ Po(Sinel)d1d91:| X Q’(92,93, T 99d71) =

T d d
i <0052 91> = /cos2 01 PydQ) = Q'/ Py cos? 6y sin?20,d0, = 1, T2 <r2> = Z Na? <cos2 9> = Na? Z 2 =

0

a=1 a=1
IR d 45T, KRBT ERRIIN ) "ARE” L, ﬁmlﬁmé’ﬁ:ﬁ LRpUn EI’J A EAED. BRI (r?) SHEETCR.

[Discussion] Random unit vector 77 in n—dim space. 77 = Znaea, <n > = Z <n =d <n1> =d <COS 9> =1= <n1> ==

a=1 a=1

1.4.3.2 Stochastic process

. . . t t t
Static continuous random variable x, . {x%}%[xl, $11+ da]—[zs, x22+ dz]—

4 Py(z,t) =Prob[z < z(t) <z + da] Nt W% z € (z,x + dz) AL,
P, (zo,to;x1,t15 -+ 3 Zn—1,tp—1)dag - - - dxn_y = Prob [zg < x(to) < o +dzo, -, Tp_1 < 2(th—1) < Tp—1 + dzy_4]

. Py (xg,to;x1,t1)d
5E X Transition Probability: Prob [(z¢,to) — (z1,t;)] dz; = (20, toi 21, 1) iy
Py (0, t0)

n—1
iZigg‘FEq%Héé@ﬁyg <I0(t0)l‘1 (t1)> = /$0(t0)$1(f1)Pn<$0,t0; X1, tla T ) H dxk-
k=0

1.4.3.3 Smoluchowski’s Approach

+oo
M zo R, &1k n BEEIL « HEFEA Prob (xo i 96) = P(xolz), TSIERIERR® > 1) Y Pui(zol2)Pi(2]2),

BAN 2o tHKR, é?:lJi n— 1 PEIAMEBAE 2, HEE 1 DEIE 2. XA E zi 2R . -
P (z]z) = 3 (02041 +020-1), Po(2]x) =0, 4 RNIBHERR P, (20|2) = iPn_l(:Uopc — 1)+ =P,_1(zolz + 1).

2
+o00
PEHBI R Qu($) = D Palwolz)e ™, 44 i HAL:
oo rT=—00
Qn(§) = :Z_j BP,L(xopc —1)E°7% 4 %Pnfl(:cou + 1)5”—“] = %anfl(f) + 567 Q1 (8) = (s +E) Quaa(9)
1 n
RNHTUE 2515 Qo) =1 15 Qn(ﬁ) = <2> Z Cr[ln+(x—zo)]/2§z—zo.
lz—x0|<n
T TR P, (z0]z) = ;) Clne—20l/2, ot [z — 20| < .
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1.4.3.4 State of System(Markov Procss, History-Independent)

Bin=1,2,3---, M; &N n FHEER: y(n); BE: t =s7,5=0,1,2--- RELE t = sT WZLTARES n IHER: P(n, s).
Markov Chain: P(n,s) — P(n,s + 1) = P(n,s +2) — - -, A& T 51— B 20 FPIRES, Fps s 658,

A SCHTRMSZ history-dependent P(n, s) = f[P(n,s — 1), P(n,s — 2),---, P(n,0)].

7€ X Conditional Prob: P(ni, s1|ns, s2). WM so B ZIFPRES no TERE (so + 1) HZIRPRE n KRN

M

nog—n no—m—n
P(ng, so|n,s +1)= Z P(ng, so|m,s)P(m,s|n,s +1)= Z P(ng, so|m, $)Qumn(8)-
m=1 m=1
m—n
WL RGTE s WAUTIRE n BB Plrn,s) = 3 P(mes — 1) Plm, o~ 1, o), BV HELATR:
m%m:ri)ﬂiz%-“*)msfl
P(n,s) = Z P(m,0)P(m,0|my,1)P(mq,1|ms,2)--- P(ms_1,s — 1|n, s)
= Z P(m O)Qmml(l)lemz( ) Qms 1n - ZP m, 0 Qs)mna (ma 50|na S) = (QSiSO)mn

$oriz T%U?%ﬁﬁ?ﬁ/ﬁi Z AijBj = (AB)i.

[Example] N-ring [P(N + 1) = P(1)]. % Random Walk #Zf1>}y Markov Process. Q,, 41 = Qi1 = %, n e N.
1
P(n,s) =P(n—1,s = 1)Qun-1n+Pn+1,5—1)Qpni1n = 5 [Pln—1,s—1)+ P(n+1,s —1)]
Define 0P (n,s) = P(n,s) — P(n,s —1) =P(n—1,s = 1)Qun-1n + PN+ 1,5 — 1)Qpy1,n — P(n,s — 1)
1
= §[P(n— l,s—1)+ P(n+1,s—1)—2P(n,s — 1)]

dP,(1) _ 1 [Po_1(t) + Puy1(t) — 2P, (t)]; Then let n be continuous:

Let ¢ be continuous: +

t 2
2 . 2 2
Tw - Bua(t) + Poia(t) — 25,(1) = OP(z,1) - Da P(z,t) D ~ & IEJ& Feynmann Kac formula.

a
dt 2 a? ot ox2 2T

1.4.3.5 Langevin’s Theory

R i1 [A] S (lux). Based on force & dynamics, equation of motion. z(t 4 dt) — z(t) = f(t)dt = x(t) = f, random force.

. — viscoity random Mgz RNEE OHEE R
W (mesoscopic) level: M% Ry e F O8RS = 6mnan = B = —
BEHLITI 2 (F (1)) = 0, <ﬁ(t)ﬁ (t’)> — C16 (t — 1),
[Discussion] [F]1Z, Ideal gas: (dn(x)dn (2')) = ¢ (x — 2'), e S BENL 109 B FEAH L.
R =M R dEZ, WA H Gaussian distribution ##iiA
. . . . . . dJ  dissipation fluactuation
[Example] Irregular part(noise) of collective electron motion in circuit. LE = —RI + V(t)
K(t)
FiARR 7 BRI (), A % (;M <U(t>2>) + M (o(t)2) = (0(t)F(1)), B3 BIZHEER R Langevin 7572,
dK(t) _2 — MB jtdK() 2 _2d 4
5 = WOF®) - ZK(1)- 3 Hepr AT 5 = 0= (WF ) = ZKo == ShpT d YR

Ed= 1T, 58 o(t) = e /7u(t), 3t = MB. AN RIGHEAE | v(t) = % / dte- (=) (1)
0

T4 () F(1) = o G s oy kel T (FOF(t)) =it —1).
2 2kgT

ST 2%2 S %kBT =0, = 5 , Fluactuation-Dissipation Theorem (k% £ 5 EIE).
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1.4.3.5.1 Analysns of Partlcle Postion f& £ Langevm BE R (r*(t)) = 2dDt R EATIRH L.
CUETIEy (S O AZ oy 47 d o o j’;,ﬂﬁa% IR 7 JER BT (),

d? 1d =
el +7& 2 _ 92 1 7. A:>7<2>+77<2>+2<U2>+Mljﬁfl$ﬂr%9§ P LLZSHE T 0.

SUERNEAIION L0 (%) = Lo x 3 AR ((1)) = O T [T (- e_t/T)]
3k‘BT

Lt <, (r3(t)) = = (v*) *, B Ballistic motion(3 i1z ))). #A1M Langevin J7F4E ¢ — 0 BT 2 EAT5E

2.t>» T, <7« (t)> = 6k§4 TTt = 6BkpTt =3 6Dt =D = BkgT |, Vd, another form of Fluactuation-Dissipation Theorem, or
Einstein’s Relation.

1.4.3.5.2 Analysis of Particle Velocity (t)
¢ 2
(V(t)) = <{U(0) + ;4/ dt’e_(t_t/)/TF(t’)} = 02(0)e 27 + %% (1— e 20/7), Kt N T o(t) ik
0

R

o1 3 d
Requires §M (v*(t)) = §kBT =C = 5 Letz = (v*(t)) — (v*(c0)), N i

[Discussion] 3# & & B 1im (lx(t + 6t) — =(1)]) ~ lim M 3 00- Solution:

6t—0 ot 5t—0 Ot
1. Stochastic Differential Equation f“#%4L;

2. M3 s . s B AL B4 72 22 M 26 73 A R #X (particle-based approach — field-based approach). 37 f(x,t), WA &N
p(@) = gb(x — o), / p(a)de = q. WERSTHELIEE, W f(x,1) = 6(x — ot). ZHRT 2 > 2+ 0w, W f(z,1) = (3 — 2(0)),
R4 55 0 W R A .

_ n;(t + dt) —
Yy an =N #&1F#Z(transition rate) A 5t Z ni(t)Pisj + Z”J Pji, X BT RN
’ J#i J#i

Master equation.
1. {8 %€ N Markov Process;

2. RLFEsFE: % lzl: ny(t + 5t) — anl = Z (Z njPj_i an 1H]> =0.

i i#] i#]
no
[Application] 2-state system. ny : [+), n_ :|—=). IEFEEE v, FHEE: —(J)“ -
O w_
dny dn_
F = —NywW_ + n_wy, F = —N_w4 + nyw_ | ( ) ,
. . P N t 1 0 0 0
Relaxation d DB ) =no —ny WA TR S8 2 2 ) - n0) Hdr T = ,n’=nl —n
elaxation dynamics: W n(t) = n_ — ny. WS TTFEM N & = [n(t) —n'] i oyt +
+o00
[Discussion] J&4:45 & Master Equation. Ai#: 1. J3—4L &4 f(z, t)dz = 1;

2. WEERBEN: f(z,t)de RKFLE ¢ BZALT (2,2 + da E’J*Eﬁz

3. afg,t) = /+OO [—f(x, OW (2, 2") + f (2, 1) W (2/, 2)] da’, W (x, 2")da’ & = — 2’ BT,

DNSTIVAL iy LI S| af(x,t) aa (1 (2) f(z, t))Jrli[ () f (2, 1)), B Fokker-Planck 7572.
T
+oo +oo 9
HARRER (@) :/ agew(r,€) = P _ 1) () = / dee?W (w, ) — {02 Do

5t . 5t
e - 0 0
SRR af(mvt) 9 i(@,t), j(@,t) = p(x)f(z,t) - 202 [na(2) f (2, 1))

[Example] Hili PR 7. EREBUS LN 4y (2) = —ABz,  po(x

(z) =
Fokker-Planck 77N Of(z,t) — )\BE( 9% f(x,1)
ot ox




N

St 0 62 A a2
EF‘@I%E% — _— = = T 2kpT.
)\Bax (xf(x,00)) + BkBT6I2f(x, o0) =0= f(z,0) (27TkBT> e

() =0, (2%)= /+°° 2?f(z,00)dx = kBTT
SRR B 5 M RETRES fle) = [2 FT(1 : —mt)reXp [_% T(lwe—mt)]'
_ . —

potential random

BURAS T Langevin 79 S0 = "07(a) 4 F (5, 3ok Ue) = S, U () = Xo W HEN AL

1.4.3.5.3 Time Correlation of Velocity v(t). W [AJAF & uy, us.

RIRLES 74 (22(1)) — << / tdulv(u1)> ( / tdulv(u1)>> -/ dun Otdu2 (vl )o(uz)). U PER L / fu
my L) Z(t» /O du(v(w)v(t)) MY o / " du (w(u)v(0)) = 2 /0 ' du (v(u)v(0)) = 2Dd

, —t
MEEXT EEAF 3 / (v(uw)v(0))du = Dd.
f(x,t) 19 kpT 0

o = =W @ @) + " )

1.4.3.5.4 Fourier Transformation of Langevin Equation .

Y04k, Langevin 72N d%(tt) = O L gy, Fob (AWA®E)) = Ol (- ).
. T
HPERHA 5(w) = — ) LBILESEE (A(w)A (W) = 20018 (w + o)

—ww 4+ 7"

A N 3 SN <5* (w)i}v (w/)> = 5(w)5 (w + w’), Hr S(w) — 7-—227(_?1 A L EAE W AR AT
“+oo

BE] (T (W)U (t = 0) = S(w); FAIAE w B, 3] (v(t)v(0)) = s@)a”t%.

LHMZHE =0, <v > / e dw (w); ARHXIFRIE, S(0) = /+DO dt(w(t)v(0)) = 27731 _ap.
0 T
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T _—E Homework

2.1 Homework 2

. Show that the volume element

3N

dw = H(indPi)

1=1
of the phase space remains invariant under a canonical transformation of the (generalized) coordinates (¢, p) to any other

set of (generalized) coordinates (Q), P).

[Hint: Before considering the most general transformation of this kind, which is referred to as a contact transformation,
it may be helpful ti consider a point transformation - one in which the new coordinates (); and the old coordinates ¢;

transform only among themselves.]
(@, P) = (Q(g:p), P(q,p))

So the volume element is

3N 3N
P
d' = [[d@iap, = | 29D T agap,
=1 =1

da,p) |;
0Q 0QT
_0Q,P) |ag op
I= B 0P 0P
Oq OpJ

Since canonical transformations preserve the Poisson brackets
{Qia@j} =0, {Pz’an} =0, {Qi,Pj} = 6ij7

which gives the Jacobian matrix J

T Jo T
JTQT = Q, Q_[I 0

So detf2 = 1, which means detJ = 1.

Therefore we have dw’ = dw, or
3N 3N
H dQ;dP; = H dg;dp;
i=1 i=1

. The generalized coordinates of a simple pendulum are the angular displacement 6 and the angular momentum m/26.
Study, both mathematically and graphically, the nature of the corresponding trajectories in the phase space of the system,
and show that the area A enclosed by a trajectory is equal to the product of the total energy £ and the time period 7 of the
pendulum. With # and L = m012, the Hamiltonian of the simple pendulum is

2

H =
2ml?

+ mgl(1 — cos @)
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So the area A enclosed by a trajectory is computed using the integral of Ld#:

A= 55 Ldé.
Deriative of A with respect to F gives the time period 7:

dA d oL
w—wﬂgm"—ﬂga];d@
L

OH

(97L_ml2:0
dA 1
= A=E7r0

4] SR A R 5 - A A

05

p (kg - mzls)

-05

15 I I I I | I I I I
-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
6 (rad)

2.2 Homework 3

2.2.1 1-D Harmonic Oscillators
Derive

1. an asymptotic expression for the number of ways in which a given energy F can be distributed among a set of NV one-

1
dimensional harmonic oscillators, the energy eigenvalues of the oscillators being <n + 2) hwo;n=0,1,2,--
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The ground state energy for N oscillators is

1 N
Eroun =N._ = 5 .
ground gl = 5l

So the excitation energy above the ground state is
N
E* = E — Eground = E — 571&1

So we need to distribute £* among N oscillators, or

*

N

E
Z:M, where M = —
i=1

_E N
hw  hw 2

So the number of ways, or the microstates, is given by the combinatorics

_(M+N-1
o= ("3 I0)

With the Stirling approximation, we have
1
mQ~(M+N)In(M+N)—MInM—-NInN — §ln(27rMN)

Q (M + NYM+N M + N
~ MMNN 2rMN

Apply M = % — g to the above equation, we have

on BrDESE [ELY
(%_%)%—%NN 2n(Z - )N

If % > N, the number of states can be approximated as

a~ L (EY"

TN \hw)
. and the corresponding expression for the ’volume” of the relevant region of the phase space of this system. Establish the
correspondence between the two results, showing that the conversion factor wy is precisely h'.

For a one-dimensinal harmonic oscillator with energy F;, its Hamiltonian is a elliptic curve:

2
b; 1

So the phase space volume is given by the integral of the Hamiltonian over the energy surface:

[2E, 1 [2E, 2rnE,
PL:/Hldpldl'zzﬂ' cm - — = il
m w m w

So the total phase space volume is given by

N N
21 E; 2 NEN 1 [2nFE

Hi:

The classical microstate is

So we get



3. On the basis of Problem 1, derive the entropy and temperature. Comment on the result.

Since the number of microstates {2 is given by

qn lat5)ets ety
~ TN E N N
(i—%)h,w 2NN 271'(%—3)]\[

we can calculate the entropy S using the Boltzmann entropy formula with Stirling approximation:

(D)D) AT e

With the thermodynamic connection l = ﬁ, we have
E | N
1:@m<m+2>
E _ N
—1
hw E+ Yhw
=|T=—|In il 1%/
kB FE — Eﬁw

2.2.2 Helmbholtz Free Energy

Making use of the fact that the Helmholtz free energy A(N,V,T) of a thermodynamic system is an extensive property of

the system, show that
MY (A
ON /)y r oV ) nr

[Note that this result implies the well-known relationship: Ny = A + PV (= G).]
Since the Helmholtz free energy A(N, V,T') satisfies the scaling relation

AAN,\V,T) = MA(N,V,T) forany A > 0,

so A(N,V,T) is homogeneous of degree 1 in N and V. So apply the Euler theorem for homogeneous functions to show that

0A 0A
¥ (55),. v (), - e
0A

0A
Since the chemical potential p is defined as 4t = | 5+ , and the pressure P is defined as P = — | - , so we have the
ON VT ov N,T

relation between the Helmholtz free energy and the chemical potential and pressure:

Nu+V(-P)=A= Nu=A+PV =G.

2.2.3 Dilute Hard Sphere Gas

Assume there’s a dilute hard sphere system, where exists NV hard spheres with radius a, or volume w, = é7r(2a)3. The

system is at thermal equilibrium at temperature 7. The total energy is F/, and the system is in a container with volume V.
Derive

1. entropy S(E,V). [Hint: For an n-dimensional sphere with radius R, its (n — 1)-dimensional sphere area S~ is
27rn/2
Rnfl
PR
The number of microstates is given by

Area =

N
1 . D O . ,
Q(E,‘/,N)_W/Dd3qu3Np6<E—E 2m>’ where D : |§; — Gj| > 2a, Vi< j.
i=1
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At dilute gas limit, the free volume can be consideres as the rest volume:
Nw,

%reezvf 9 .

N
/dqu%(V—Nwe) ]
’D 2

Since the energy consists of the kinetic energy only, as

So for the real space integral part, we have

Y p?
E:;2m’

the momentum integral part can be calculated:

N 2 00 2
dSN S| E— bi — /dQ / d 3N—15 E — pi —
/ p < ; 2m> A

where d();3y is the angle interal part of the 3/N-dimensional sphere. As the hint gives, we have

271.3N/2 B
Ssn_1(R) = WR:%N 1

2
Let R = v2m£FE, and remember that §(F — %) = m<5(p — V2mkE), we have
m p
N

2
/d?’Npé (E — Z 2p;n> o (2mE)3N/2-1
i=1

So the number of microstates is given by

1 Nuw \ Y (2mm)3N/2
Q(E,V,N) ~ _ = E3N/2-1
(B V.N) & Fpaw (V 2 ) T'(3N/2)

So the Boltzmann entropy is given by

N N N N
S(E,V,N) :kB{—lnN!—BNlnh—l—Nln (V— ;e> + (32—1> lnE—l—%ln(?wm)—lnl—‘ <32>}

With thermodynamic limit N — oo and Stirling approximation In N! ~ N In N — N, we have

N N
2“’) +37kBlnE—|—~--

S(E,V,N) ~ NkgIn (V -

. guess the equation of state.

Nw,

Since only the volume changed from V to V' — , the state equation can be compared with the ideal gas one:

N
P (V - ;) — NkpT.
. calculate the equation of state.

With the th d ic relati 1 873 dg— 875 h
i e thermodynamic relation 75 = | 57 VNan 7~ \av EN,we ave

2

P_ (08 Nk
T \OV)py V-

2

N
S(E,V,N) ~ NKgn <V— “’e) NI

So we have the equation of state for the dilute hard sphere system:

P<V—N;e> = NkgT
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2.3 Homework 4

2.3.1 Van der Waals equation

RT a

1. Derive for the dimensionless van der Waals equation of state from the original vdW equation P = >

2
() “o (27) <o
ov ), ov? ) .

v—>b w
The conditions for the critical point are

So compute the derivatives of the pressure P:

P  _ __RT 24
v — (v-b)? + v3)
9*P _ 2RT _ 6a
o2 T (v=b)3 vt

At the critical point, let v = v., P = P., T = T,, and we have the following equations:

T T Skt eI
s — % =0. " |RT, =%leth T
Since v, has been determined, we can substitute it into the first equation to get:
2a(3b —b)?>  8a 8a
Rl,.=—FF=—=1T.=
] (3b)3 27b 27Rb
RT, a a
P. = - — = .
ve—>b w2 2702
Rescale the variables with the critical conditions:
P v T
Pr ) r = T Tr = 7
A T,
a 8a

< P=P.P.=P,- v=v0,=v.-3b, T=T,1T.=T, ——

2702’ 27Rb

So the van der Waals equation of state come to be

p. 2 :RT’“'%_ a
2T v, -3b—b (v, -3b)?
T,
= P. = 87, _i

v, —1 02’
2. Plot typical curves P(v) at high and low temperature. In the derivation, one should identify the critical point. Show all
your work.

% Define the reduced volume range
v_r = linspace (0.5, 10, 1000);

% High temperature (T_-r > 1, e.g., T_r = 1.5)
T_r_high = 1.5;
P_r_high = 8 « T_r_high ./ (3 * v.r = 1) = 3 ./ (v_.r.”2);

% Low temperature (T_-r < I, e.g., T_-r = 0.8)
T_r_low = 0.8;

P.rlow =8 = T_r.low ./ (3 = v.r — 1) =3 ./ (v_r.”2);

% Critical isotherm (T_-r = 1)
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T_r_critical 1;
P_r_critical = 8 % T_r_critical ./ (3 = v.r — 1) =3 ./ (v_.r.”2);

% Plotting

figure ;

hold on;

plot(v_r, P_r_high, ’b’, ’LineWidth’, 2, ’DisplayName’, "High .T_o(T_r.=.1.5)");
plot(v_r, P_r_low, ’r’, 'LineWidth’, 2, ’DisplayName’, 'Low.T_(T_r_.=.0.8)");
plot(v_r, P_r_critical , k’, ’LineWidth’, 2, ’DisplayName’, ’Critical .(T_ro=_.1)");

xlabel (’Reduced_Volume_.(v_r)’);

ylabel (' Reduced_Pressure.(P_r)’);

title ("van_der_Waals_Equation_of_State ’);
legend (’Location’, ’best’);

grid on;

hold off;

The figure is shown below:

van der Waals Equation of State

12 ¢
High T (T, = 1.5)
Low T (T, = 0.8)
10 - Critical (T, = 1)
sl
~
@
S 6
(72}
w
o
(o
el
& a4+
>
gl
@D
o

2 | | | | )

Reduced Volume (vr}

2.3.2 Maxwell Equal Area Construction
Derive for the Maxwell equal area construction.
The van der Waals equation of state for a non-ideal gas is given by

RT _a
v—>b 02

The Maxwell construction replaces an unphysical “loop” with a horizontal line(Constant P), reprensenting liquid-vapor coexis-
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tence. Conditions for phase equilibrium are:
P(T,V,) = P(T,V}) = Py, Vg the molar volume of gas/liquid phases.
/‘Lg(Ta P) = MZ(T, P)

Since G = puN and dG = —SdT + VdP, we have:

V, V.
g au g
— = — | dV = dP =0
Ho . /‘;L (av)T /‘V/ !

Since P is constant (Fy,) along the coexistence line, we can write:

VQ Pg
/vdP:Pm(Vg—Vl)—/ PdV =0

Vi Py

And we know that P, = P, = Py, so this reduces to

Vg
PAV = Pu(V, = Vi) |,

Vi

which is the conclusion to be derived.

2.3.3 Virial Expansion

Assume that in the virial expansion

Po = A3\’
=13 g ()
kT j:1j+1 v

where (3, are the irreducible cluster integrals of the system, only terms with j = 1 and j; = 2 are appreciable in the critical

region.
1. Determine the relationship between 5; and 3, at the critical point, and
Since only the first two terms are appreciable, we can write the virial expansion as:

Po 1 )\3 2 )\6 ﬂl/\3 252)\6
—~1— | =B— — — =1 — .
kT <2f61 v 35%2) 20 302

Or we can write it as a pressure function P of variable v:

v —

P—iT <’U_1 B 51)\3 9 252)\61}_3)
2 3

So list the derivatives of P with respect to v:

?97]; =kT(—v 2 + SN0 + 28\ 1) (= 0),
2
ZT]; = kT (207" = 36 X%0 ™" — 88:A%07°) (= 0),

which brings the critical point conditions:
—v2 2+ BN 4+ 2B\t = 0,
207% — 38 N30t — 8B, \%0° = 0.
We can rewrite the equations as

—’U? + 51)\37)0 + 252)\6 = O,
202 — 381 \%v. — 83,\% = 0.
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So the target is to eliminate terms like v.. (2.3) x2+(2.5) gives
(202 — 20%) = (381 A3, — 2612 %v.) + (8B2A° — 43,7%)
B 48,03

Ve

= 0=LiNv.+ 48\ = | B =

Substitute this into (2.3)) gives:
/\3
vg = (—4&) N30, + 28200
Ve

= ’Ug = —2,32)\6 = | Ve = / —2,82)\3

This connects 3, and Bs:

AR
Bl_ \/WQ)(X_2 262

So we have | 3; = 24/—203, |

KT,
2. show that =3.
show that —

CUC
2
From the previous problem, we have 3, = % nd 5, = — QU)TG' Substituting these into the virial expansion gives:
P, _ ) 0, A v2 ) 2X6
kKT, A% 2w, 2X6 J 302
=1-1+ 11
B 33
kT,
S h =3
o we have Poo

2.4 Homework 5

2.4.1 Partition Function

Show that the partition function of an Ising lattice can be written as

Qn(B,T) = Z gn(Ny, Ny _)exp{—BHN(Ny, N, )},

Ny, Ny
where
Hy(Ny, Ny )=—-J (;qN — 2N+_> —uB(2N, — N), 2.3)
while other symbols have their usual meanings; compare these results to equations
Hy(Ny Nyy)=—J(Nyy +N__ = Ny ) —puB(Ny — N-) (24
=—J <;qN —2qN, + 4N++) —puB(2N,; — N) (2.5)

and

Qn(B,T)= Y gn(Ny, Nyp)exp {—BHy(Ny, Ny}

Ny Nyt

The Hamiltonian of the Ising model is given by

H:—JZUiO'j—,uBZUi, o, ==+1 Vi
() i

44



The total number of neighbor pairs is

1
N++ + N__ + N+_ = in
So the interaction energy component of the Hamiltonian becomes

—Jzaza,: J(Nyy + N__ —N,_),

where 0;0; = +1for N, and N__, and 0;0; = —1 for N _.

The magnetic energy component is
—MBZUZ = —uB(N, —N_)=—-puB(2N,. —N), N_=N—N,.
Combining these two components gives the total Hamiltonian
HN = _J(N++ + N__ — N+_) — MB(2N+ — N)

Using the relation N, , + N__ = %qN — N, _, we can rewrite the Hamiltonian as

1
Hy =—J <2qN - 2N+_> — uB(2N, — N) |

So the partition function can be expressed as

Qn(B,T) = Z gN (N4, Ny Jexp{—BHn(Ny, Ny )}

Ny, Ny

= szv: ) gn(Ny, No_)exp {—5 [—J <;qN - 2N+) — pB(2N; — N)} }

which matches the provided expression.

To prove that (2.3)) and (2.3)) are equivalent, we can use the relation between N, _ and N ;:
qNy =2Ny + Ny = N, =Ny — 2N,

Substituting this into (2.3)) gives:

1
Hy (Vo N0 = =7 | 30N = 2aN, — 2N - uB(2N, — )

= J( gN —2qN, —|—4N++) —puB(2N, — N)

2.4.2 Equation of State

Show that the curve in[2.1] hits the horizontal and vertical axes at right angle according to the equation of state

7 qjl_/o
Ly = tanh .
0 an < T >

. . - JLo\ . . . .
To show that the curve given by the equation of state Ly = tanh <qkT0> hits the horizontal and vertical axes at right angles, we
need to analyze the slope of the curve at the boundaries(I' =O0and T' =T, = q];])

Differentiate both sides of the equation with respect to 7', with chain rule:

LEO = sech? 9J Ly ﬂLEO _ qJ Lo
ar KT ) \kT dT ~ kT2
1 — sech? 9J Ly ﬂ LEO — _sech? qJLo\ qJLg
kT ) kT | dT kT kT2
T 2 JLo JLg
dL, sech (qkT ) ¢/ L
W sea (%) 1 -
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Lo(T) —>»

0 0.5 1.0
(TIT) —»

Figure 2.1: The spontaneous magnetization of a Weiss ferromagnet as a function of temperature. The experimental points (after Becker)
are for iron (x), nickel (0), cobalt (A), and magnetite (+).

1. AtT = 0. Define ; — /L0,

. qJ Lo T _ 7
%1_%tanh< T ) = lim tanhx =1, VLy#0

Tr—r00

= lim Ly =1
T—0

Tr—r00

L _
%im0 sech? (qZTO) = lim sech®z =0, VLo#0
—

Thus the curve hits the horizontal axis horizontally at 7" = 0.

_ 3
2. AtT =T, Wehave Ly =0, and lim tanhz = z — % + O(.’E3>-

z—0

lim tanh 47 Lo qJLO —1 qJLO
Lo—0 kT kT 3

_ qJ
i3 _Z
-n(1-f) =5 (i) 5

T
, so that t = — = — to substitute into the equation:
T, qJ
_ 1 L3
Ly(1—-=)=-2
0 ( t> 33

. 1 . .
Lett =14 e while e = 0, we have 1 — n ~ ¢. Then rewrite the equation as:

Define T, = %

_ 1- _
L0€:7§L82>L0 \/> lii
dL, V3 o1 1
= lim N =
rore AT 2 Hh_zoT.
Te

Therefore the curve hits the vertical axis vertically at 7' = T..
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2.5 Homework 6

2.5.1 Landau’s Theory

Derive the critical exponents based on Landau’s theory for second-order phase transition.

s mo) = alt) 4 r(O + s(omi oo (1= T2 < 1)

Assuming that
* Symmetry: The free energy is even in my;
* Analticity: 1) is analytic in mg and ¢, which allows a Taylor expansion;
* Critical behavior: Near T, the coefficients behave as r(r) ~ rot, s(t) &= s > 0.
The exponents are given by:
mo~ ()%, x~| =t mo~ R0 €t
The equilibrium order parameter my minimizes the free energy:

o,
7877”:) =0=2r(t)mo + 4s(t)mg =0

= mo[r(t) + 2s(t)ma] = 0
So

* Disordered phase(T" > T.): mo = 0, since r(t) > 0;

t t
* Ordered phase(T < T,): m3 = —27;((2) ~ —;(—;0, since r(t) = rot and s(t) ~ sq.
1
L. For T <T.,t <0,mg~+—t=mg~ (—t)"/? = |5 = 3
- L 1 P
2. Susceptibility , which is defined as X = = Iz
MY |mo=me,

e ForT>T,,my=0.xy"'= 2r(t) = 2rot = x ~ Tl

. ForT<TC,m3:—

¢y

2
omg

—20() + 128(8)m2 = 2r(t) + 125(t) [ 22(3)] — _4r(t)

x 1= —4r(t) = —drgt = x ~ (=)' =

3. Specific heat.

e ForT > T, ¢y = q(t);

t)? 2
s For T < T., vy = q(t) +r(t)m2 + s(t)mj = q(t) — Z(()t) And the specific heat is defined as ' = _Taa;io. Since
s
r(t) ~ t, the singular part is C, which jumps at ¢ = 0. So .

4. Critical isotherm. At T' = T, the free energy is 1o = q(0) + s(0)mg + ---. Applying an external field &, the equilibrium
condition is

0
h= 2% _ 4s(0ymd = mo ~ 15 = [5= 3]
8m0
5. Correlation length, which is defined as £ ~ (ct) ~tYV2 5y = %
r
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2.6 Homework 7

2.6.1 Stretched String

A string of length [ is stretched, under a constant tension /', between two fixed points A and B. Show that the mean square

(fluctuational) displacement y () at point P, distant = from A, is given by

— kT
2 M (] —
W@)F = ol — )
Further show that, for x», > 1,
—_— kT
y(x1)y(zs) = ﬁ%(l — T3).

[Hint : Calculate the energy, @, associated with the fluctuation in question; the desired probability distribution is then given by

p x exp(—®/kT), from which the required averages can be readily evaluated.]

Boundary conditions: y(0) = y(I) = 0. Energy of the fluactuation: ®[y(x)]

2L

dy
dzx

2
) dx.

) Fo[h(dy)?
Therefore Ply(x)] o« exp <—[/Z§f:)]> = exp _M/o ((ﬁ) dm} .
Expand y() in eigenmodes which satisfies the boundary conditions: y(x E an Sln( ) so the derivative becomes — E C
Substitute ino o F/l dy\* F°°2(mr)2z F7T2n22
N = — —_— xr = — a _— e a, .
ubstitute into the energy 5 ), \az 5 321 n 7 5 ,;:1 O

L — Fr’n?
The probability distribution is p({}) o< exp |— Z 0
n=1

afl] , which is a product of independent Gaussian distribution for each

2
a,. And the variance of each a,, can be extracted from the exponent term: g2 = le L 2K
" Fl \nn) — Fren?
. 2]<:T =1 g
Fourier expand y Z Z Ty Gy, ST ( x) sin (@) Since @, a,, = a (5nm, y(x 7 n? (mrm)
n=1m=1 n=1
2 0 2 0 6 _
Use the 1ndent1ty Z cos=n l — l + — and sin2 0 = LS(QG)’ the summation term:
— 6 2 2
.1 . nmwr 1< 1 1<~ 1 2nmx w2 1 /72 72x  w2z? mlr  m2x? w2
27251“(7):7 72_727200 79 9o\ G T o1 2 | T To1 72:72‘%(1_5”)
— l 2 —n 2 —n l 12 2\ 6 21 21 21 21 21
. . . . 2kTl w2 kT
Substitute it back into the expansion to get y(z)? = 72 ﬁx(l —z)= ﬁgg(l — )
- & 2kT1
Similarly, y(z1)y(z2) = T; a2 sin (m;xl) sin (m;xg) T 2 n2 sin (mle) sin (m;a:z )
9 2 0 62 — —
Use the indentity Z cos (nf) = % — % + T and gin Asin B = cos (A — B) 5 cos (A + B) , the summation term:
n=1

=1 . /nrn . (NTXy 1N 1 nw(ry — 2) Ien 1 nmw(x, + x2)

2 sin (= )bl“( ) - 2 27 {z Tl | T

So define 9, = (21 l_ m2)7 0y = M the summation term becomes

—cos(nby) w2 76| 607 ~cos(nby) w w03

,; 2 =% 5 1 7; 2 =% 5 + 1 Therefore

i 1 " (mmsl) . <TL7T.T2) 1 [n? oy — x| w1y — 20)? 1[m?  7w2(xy + 29) n 72 (zy + 29)?

— sin =—|— — == =
—~ n2 l 216 21 412 216 21 412
- 7T2(l'1 + To — ‘xl — l'2|) + 7['2[(1'1 — 1'2)2 — (.’171 + .’1?'2)2} 22w 7T2(2$1) + 7['2(*4.%1.%2)
B 41 812 B 41 812
2kT1 7T2"E1 ’/T2.3L'11,'2 kT
Substitute it back into the expansion to get y(z)y(z2) T2 X < 5 T o > = ﬁxl(l — T9)




2.6.2 Derive the Onsager’s Reciprocal Relations

Derive for the Onsager’s reciprocity relation. [Refer to Section 15.7 @ Pathria& Beale]
Forces X; and the current &;: &; = 7;; X;.

~ = 1 /[ 928 - ~ 08
S(z;) =S (z;) + i)ty <51‘i3$g‘>mi . (zi — i) (x5 — 7)., <<9xz>z =

i=Tq

|
o

I _ 028
AS=S(e) = $(5) =~y - @ -5, Bu=—(pop-) =B

8xi8mj

oS ~
The driving forces X; can be defined as the second law of thermodynamics: X; = < 3 ) = —0; (x; —T;)
X

/+OC($¢XJ‘)6XP {—21]{:6@' (z; — &) (5 — gj)} dei

— 00

<33in> = Too 1 , where
/ exp {—%Bij (x; — ;) (x; — @)} Hdmi
+oo 1 B B ¢
/ T;eXp {—Qkﬁzj (i — 2;) (x; — SL’,)} Hda:i Biz
. i N 2,
(i) = Foo = Ty, oz, =0= (,X;) = —kdy;.

/_ exp {21k6” (zi — 73) (x; @)}dei
According to time reversal symmetry(in microscopic érocess),

(:(0)z;(s)) = (€i(0)x;(=s)),  (@i(0)a;(—s)) = (xi(s)2;(0)) = (2i(0)x;(s)) = (wi(s)x;(0)).
Let s — 0 to get: (z;(0)&;(0)) = (&;(0)x;(0)).

(:(0)7;:X1(0)) = —kyjuda = —kji

= | Yijg = Vi |-
(’Yqu(O)xj(O» = —kyudji = —kvij

Substitute the force-current relation, and get
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